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INSERTION DEVICE/UNDULATOR/SOFT X-RAYS 

Magnetic fields of the soft x-ray undulator, named U60, were characterized to 

estimate field errors and perturbations of the device on the electron beam in the 

storage ring of the Siam Photon Source. High precision magnetic field measurement 

system has been constructed to enable magnetic field mapping of the device using 

Hall probe scans. Field integral measurements are carried out using a flipping coil 

system. The magnetic fields were measured at various undulator gaps and horizontal 

positions. Magnetic field measurement results were used to calculate angles and 

trajectories of an electron inside the device. They were also used to model the 

undulator magnetic structure in order to calculate the linear perturbation on the 

storage ring beam dynamics. Phase errors are calculated to estimate quality of the 

synchrotron radiation emitted from the device. The measured field integrals were used 

to calculate integrated multipole field components. The dipole field component was 

used to estimate the deviated angle and position of an electron at the exit of the device. 

The quadrupole field component was used to calculate effects of field errors on the 

betatron tune. The sextupole field component was used to calculate effects on 

chromaticities. Finally, compensation schemes were obtained from the magnetic field 

analyses. A long coil system was simulated and constructed to compensate electron 

trajectory, together with steering magnets. Tune shift compensation by a pair of 
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quadrupoles and chromaticity compensation by two families of the sextupole magnets 

were simulated.  
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CHAPTER I 

INTRODUCTION 

 

1.1 Motivations 

The Siam Photon Source (SPS) is designed to contain four long straight 

sections, each with the length of 5.2 meters for installation of insertion devices. 

Superior characteristics of synchrotron light from insertion devices will enable the 

SPS to better serve  various research fields. An undulator is one of such insertion 

devices. A soft x-ray undulator, named U60, is the first insertion device to be installed 

in the SPS storage ring. It is a Planar Permanent Magnet (PPM) undulator. It consists 

of magnet blocks of alternating polarity that repetitively bend electron beam back and 

forth. The magnetic structure is designed to deflect electron with the angle, the angle 

between electron trajectory and undulator axis, less than 1
γ

, where γ  is the 

relativistic factor. So, synchrotron radiation emitted from each turn adds coherently, 

resulting in high intensity of undulator radiation. The intensity is proportional to the 

square of the number of periods. In addition, the opening angle at any given 

wavelength of the radiation is decreased by N , where N  is the number of magnetic 

periods. Therefore, the undulator radiation is emitted in a narrow cone. However, 

characteristics of synchrotron light from real undulators are different from ideal  
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devices. This fact arises from magnetic field errors of real undulators (Bobbs et al., 

1994; Kennedey, Cover, and Slater, 1990; Alp and Viccaro, 1988; Kinkaid, 1985; 

Kincaid, 1990; Walker, 1993). The magnetic field errors affect interference condition 

of the undulator radiation, resulting in the degradation of undulator spectra. These 

effects on interference condition can be investigated via rms field error, or phase 

error. 

The field errors also give rise to perturbation of electron beam in the storage 

ring. Ideally, the electron beam should be exit from an undulator with the same 

transverse angle and position as it enters. This condition is equivalent to zero field 

integrals of the undulator. However, unavoidable field errors of real undulators make 

this condition impossible. These nonzero field integrals will give rise to closed orbit 

distortion of the electron beam in the storage ring. Therefore, the undulator field must 

be measured and analyzed. The most common method of undulator field distribution 

measurements is the magnetic field mapping by Hall probes. The field integrals can 

be measured by flipping coil method. The measurements can also provide integrated 

nonlinear terms of undulator magnetic field. 

Apart from perturbing the orbit the undulator also gives a tune shift of the 

electron beam in the storage ring. This tune shift arises from both internal 

characteristic of the undulator itself and the field errors. Too large tune shift can lead 

to instability of the electron beam. Moreover, the undulator magnetic field may also 

have nonlinear terms, especially the sextupole term, which may also give rise to 

instability. Effects of these perturbations therefore have to be studied carefully, in 

order to be compensated to make the storage ring operational after installation of the 

undulator. Different techniques and magnetic components are required to compensate 
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each type of perturbations (Rugmai, 2005; Walker and Diviacco, 1994; Yonehara, 

Kasuga, Hasumoto, and Kinoshita, 1998). 

 

1.2 Insertion Devices for Synchrotron Light Source 

Synchrotron radiation is the electromagnetic radiation emitted when a charged 

particle is accelerated, i.e. constraint to move in curved paths by a magnetic field. The 

most common synchrotron light source is a bending magnet. For the bending magnet 

radiation, the radiated spectral photon flux within a certain frequency bandwidth ωΔ  

is given by 

 
2

,dF d W I
d d d e

ω
ω ω

Δ
=

Ω Ω
 (1.1) 

where 
2d W

d dωΩ
 is given by (Duke, 2004; Schwinger, 1949; Winick, 1994) 

 
2 2 2 2

2 2 2 2 2 2
2 12 2 2
3 3

3 ( ) (1 ) ( ) ( ) ,
4 1c

d W K K
d d

αγ ω γ ψγ ψ ξ ξ
ω π ω γ ψ

⎡ ⎤
= + +⎢ ⎥Ω +⎣ ⎦

 (1.2) 

where 
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2 2 21 (1 ) ,
2 c

ωξ γ ψ
ω

= +  (1.3) 

and 
2

0

1
4 137.036

q
c

α
πε

= ≈  is the fine-structure constant. ψ  is the observation angle 

in vertical direction, perpendicular to the storage ring plane, ω
ω
Δ  is the frequency 

bandwidth. I  is the electron beam current, ω  is photon frequency and cω  is critical 

frequency, defined to be the frequency which the argument ξ  in Equation (1.3) 

becomes 1
2

. The first term in Eq. (1.2), dependent on 2
2
3

K  , is the synchrotron 
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radiation having planar polarization, i.e. polarization being in the storage ring plane. 

The second term, dependent on 2
1
3

K , is the synchrotron radiation having vertical 

polarization, i.e. perpendicular to the storage ring plane. On the beam axis ( 0ψ = ), 

only the planar polarized synchrotron light is produced. For the observation angles 

above or below the beam orbit,  elliptically polarized radiation is produced. Moreover, 

the modified Bessel function starts to fall off rapidly when argument 1
2

ξ = . At this 

point, one important parameter is defined, called critical frequency. In Equation (1.3) 

for 1
2

ξ =  and observing angle 0ψ = , the critical frequency is therefore obtained as  

 
3

3 83 [GeV]3.37 10
2 [m]c

c Eω γ
ρ ρ

= = × . (1.4) 

And the critical photon energy, c cε ω= , is given by  

 
3

2[GeV][KeV] 2.218 0.665 [T] [GeV]
[T]c

E B Eε
ρ

= = . (1.5) 

For example, the photon flux density generated by the SPS bending magnet at 1.2 

GeV beam energy, calculated by the program SPECTRA (Tanaka and Kitamura, 

2001), is shown in the Figure 1.1. The critical photon energy radiated by the bending 

magnet is 1.38 keV. This critical photon energy implies the photon energy range 

which will have enough radiation flux for experiments. 

However, some experiments require higher intensity at higher photon energy 

than that obtained from the bending magnet. New synchrotron light sources must be 

considered to produce synchrotron light with required properties.  
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Figure 1.1 Photon flux density as a function of photon energy emitted by electron 

beam of 100 mA and energy of 1.2 GeV from the bending magnet (10  

of detected angle) in the SPS storage ring. 

 

Modern synchrotron light sources are designed to have straight sections in the 

storage rings. For example, the SPS contains long 4-straight sections, 5.2 meters each. 

These straight sections are provided for installation of synchrotron light sources called 

insertion device. There are two classes of insertion device. One is a wiggler and the 

other is an undulator. This classification is based on the value of the so-called wiggler 

strength K , defined by 

 00.934 ,uK B λ=  (1.6) 

where uλ  is the period length of magnetic field in cm and 0B  is the magnetic peak 

field in tesla. An undulator has a low K , theoretically 1K << , whereas a wiggler has 

a large K , theoretically 1K >> . 

A wiggler has a magnetic structure consisting of series of dipole magnets with 

alternating polarity. The main purpose of a wiggler is to shift the synchrotron light 
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spectrum to hard X-ray region. The wiggler field is therefore higher than bending 

magnet. The simplest form of a wiggler consists of superconducting magnets with 

three magnetic poles. This is called a wavelength shifter. The central pole with strong 

field is used as a source of radiation. Two side poles with weaker field at the entrance 

and exit are used for compensation of orbit distortion of electron beam, i.e. to satisfy 

zero first and second field integrals, 

 
0

( ) ( ) 0,
z z

y y
z

I z B z dz
′=

′=

′ ′= =∫  (1.7) 

 
0 0

( ) ( ) 0.
z z z z

y y
z z

J z B z dz dz
′ ′′ ′= =

′ ′′= =

′′ ′′ ′= =∫ ∫  (1.8) 

For example, the wavelength shifter of the SPS has the central pole with a peak field 

of 6.4 T, while two side poles produce 3.7 T (Klysubun, Rugmai, Kwankasem, 

Klysubun, and Prawatsri, 2007). The wavelength shifter of the J. Bennett Johnston, 

Sr., Center for Advanced Microstructures and Devices (CAMD) has the central pole 

with the peak field of 7 T, while two side poles produce 1.65 T (Borovikov et al., 

1998). The more common wiggler type is called multipole wiggler. It consists of 

many poles with alternating polarity. Each pole produces a high magnetic field. The 

magnetic structure is also satisfied (1.7) and (1.8). For example, the magnetic 

structure for symmetric configuration with an odd number of main poles should have 

magnetic structure like 1
2

,-1, 1, -1,.., -1, 1
2

, where the numbers indicate longitudinal 

pole size with 1 meaning full-size pole. The magnetic structure for an asymmetric 

configuration with having an even number of main pole have a structure like 1
4

, 3
4

− , 

1, -1, …, -1, 3
4

− , 1
4

 (Mezentsev, 2005). For example, the superconducting multipole 
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wiggler having 63 poles with 2 T peak field, is installed in the Canadian Light Source 

storage ring (Khruschev et al., 2007), the 47-pole 3.5 T superconducting wiggler is 

installed in Max-Lab (Wallen, LeBlanc, and Eriksson, 2001). The photon flux 

radiated from a wiggler is 2N  times of that radiated from a bending magnet, where 

N  is number of pole. The spectrum from the wavelength shifter of the SPS is shown 

in Figure 1.2 calculated using SPECTRA (Tanaka and Kitamura, 2001). The critical 

energy of the device using the relation (1.5) is 6.13 keV. In the direction making an 

angle θ  with the wiggler axis, the critical energy is also roughly given by (Elleaume, 

1991) 

 ( ) ( 0) 1c c K
θγε θ ε θ= = − , (1.9) 

where 1957 [GeV]Eγ =  and ( 0)cε θ = is defined in (1.5).  
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Figure 1.2 Flux density as a function of a photon energy from the wavelength 

shifter of the SPS, electron beam current of 100 mA. The bending 

magnet spectrum is also shown for comparison. 

wavelength shifter 

bending magnet 
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Undulators are the other class of insertion devices. It consists of series of 

dipole magnet with alternating polarity, similar to a wiggler. The magnet structure 

also satisfies the condition (1.7) and (1.8). However, the undulator radiation differs 

from the wiggler and bending magnet radiation. Undulator radiation is a result of the 

interference that occurs from the radiation emitted by an electron moving in a periodic 

field. Emission angle of undulator radiation is in the order of 1
γ

. A planar undulator is 

an undulator, which the electron trajectory is only in one plane. The polarization of 

undulator radiation is therefore in that plane. The device consists of two magnet 

arrays symmetrically positioned above and below the electron beam axis, shown in 

Figure 1.3a. The device produces a sinusoidal magnetic field in the vertical direction. 

For example, the U60 undulator of the SPS (Rugmai et al., 2007; Dasri, 

Siriwattanapaitoon, Chachai, and Rugmai, 2007) will be discussed in the section 1.4.  

 

 

 

 

 

 

 

 

 

Figure 1.3 A magnetic structure of (a) planar undulator (b) planar-helical undulator. 

An arrow presenting in each magnet block indicates direction of 

magnetization.  
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The flux density radiated from U60 undulator is shown in Figure 1.4. More 

detailed theory of an undulator will be discussed in chapter II. Figure 1.3 also shows a 

series of harmonics of U60 spectrum. The clearly spectrum shows that the flux 

density, within some specific energy range, produced from the U60 undulator is 

higher than that from the bending magnet and wavelength shifter. This higher 

intensity results from the constructive interference of synchrotron light emitted by 

electron beam moving through each magnetic pole of the undulator.  
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Figure 1.4 Flux density as function of a photon energy, up to the 5th harmonic, 

emitted by a 1.2 GeV electron beam of 100 mA through the U60 

undulator, compared with the bending magnet and wavelength shifter 

spectrum. 

 

The other type is an elliptical or a helical undulator. An example of such 

device is the Apple-II undulator proposed by Sasaki (Sasaki, 1994). This device 

consists of four magnet arrays of Halbach-type positioned above and below the 

wavelength shifter 

bending magnet 

U60 undulator 
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electron beam axis shown in Figure. 1.3b. The lower-front and upper-back are fixed in 

space. The upper-front and lower-back can be shifted. By shifting, the magnitude of 

magnetic fields in the two vertical planes can be inversely changed, i.e. one plane 

increases and another decreases. So, users can select the type of polarization, i.e. 

linear, elliptical or circular polarized. For example, the 6 cm period Apple-II type 

elliptically polarized undulator is installed at Pohang Accelerator Laboratory (Kim, 

Lee, Suh, Jung, Park, Kim, and Bak, 2001). 

 

1.3 The Siam Photon Source 

The layout of the SPS is shown in Figure. 1.5 (http://www.slri.or.th). It 

consists of a 40 MeV linear accelerator (linac), a 1 GeV booster synchrotron and a 1.2 

GeV storage ring. The linac consists of two accelerating tubes, each with the length of 

2.3 meters. Electrons are generated from thermionic electron gun, bunched into short 

electron bunches and accelerated along a linear path to a nominal energy of 40 MeV. 

The electron bunches are then transported through the low energy beam transport line 

(LBT) into the booster synchrotron. The booster synchrotron has a six fold symmetric 

lattice. The lattice structure is FODO (Focus-none-Defocus-none). The magnet 

system contains 12 bending magnets, 18 quadrupole magnets and 6 steering magnets. 

The bending magnet radius is 3.03 meters, with the maximum magnetic field of 1.1 T. 

It has a circumference of 43.19 meters and harmonic number of 17. The RF frequency 

used is 118.080 MHz. The electrons are eventually extracted to move along the high 

energy beam transport line (HBT) and injected into the storage ring at 1 GeV. The 

electron beam is then ramped up in the storage ring to the final energy of 1.2 GeV. 
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Figure 1.5 The SPS accelerator layout (http://www.slri.or.th). 

 

The main parameters of the storage ring are listed in Table 1.1. The original designed 

beam energy of the storage ring is 1.0 GeV. Currently, the storage ring is operated at 

the beam energy of 1.2 GeV (Rugmai et al., 2007). 

 

 

 

 

 

 

 

 

 



 

12

Table 1.1 Summary of SPS storage ring’s main parameters. 

Parameters Data 

Operating beam energy 1.0 GeV-1.2 GeV 

Circumference 81.3 m 

Length of straight section 5.2 m x 4 

Lattice Double Bend Achromat (DBA) 

Lattice symmetry Four fold 

Nominal electron beam current 150 mA 

RF frequency 118.080 MHz 

Harmonic number 32 

Natural chromaticity; ,x yξ ξ  -7.96; -6.45 

Betatron tune; ,x yν ν  4.75; 2.82 

Natural emittance 64 nm. rad 

Momentum compaction factor 0.0241 

Number bending magnet 8 

Bending magnetic field 1.2-1.4 T 

Bending radius 2.78 

Energy loss per turn from bending magnet 65.98 keV 

Total radiated power from bending magnet 6.598 kW 

 

For an electron moving in a storage ring, if the position and angle of electrons at any 

point in a storage ring are mapped into the phase space ( ,x x′ ), the phase space ellipse 

with area of πε  is obtained, as shown in Figure 1.6. The equation of the ellipse at a 

given location s , can be written as 
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2

2 2 ( ) ( )( ) ( ) ( ) ( ) 0s s

s s

x s x sx s x sα β ε
γ γ
′ ′ −′+ + = . (1.10) 

The ellipse shape changes along the beam path s . This ellipse is related to the twiss 

parameters, ,β  α  and γ . These parameters are related to the maximum amplitude 

and angle of the oscillation, at a given location s (Courant, Corant, and Snyder, 1958): 

 max max , ,( ), ( ) ( ) ( ),x y x yx s y s s sε β=  (1.11) 

 ,
max max

,

( )
( ), ( ) .

( )
x y

x y

s
x s y s

s
ε
β

′ ′ =  (1.12) 

The SPS storage ring twiss parameters, calculated using Accelerator Toolbox 

(Terebilo, 2001), are shown in the Figure 1.7, 1.8 and 1.9. Figure 1.10 shows 

dispersion functions ( xη and yη ) of the SPS storage ring. The dispersion function is 

introduced as a result of the fact that the energy of the electrons differ from the 

nominal energy. 

 

 

Figure 1.6 Phase space ellipse. 
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Figure 1.7 β  function of the SPS storage ring. 
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Figure 1.8 Alpha function of the SPS storage ring. 
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Figure 1.9 Gamma function of the SPS storage ring. 
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Figure 1.10 The dispersion function of the SPS storage ring. 
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1.4 The U60 Undulator 

The U60 undulator of the SPS is designed to produce intensed soft-x-rays. It is 

a permanent magnet planar undulator containing 41 magnetic periods, with 60 mm 

period length. The total length of the undulator was designed to be 2520 mm, which 

will occupy approximately half the space in one of the straight sections. It was 

constructed by Danfysik. Main parameters and a photograph of the U60 undulator are 

shown in Table 1.2 and Figure 1.11, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.11 U60 undulator of the SPS. 

 

 

 

Table 1.2 Parameters for the U60 undulator of the SPS. 
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Parameters Data 

ConFigureuration PPM, symmetric 

Period length 60 mm 

Minimum gap 26 mm 

Maximum gap ≥200 

Length of magnet assemblies 2510 mm 

Number of full size periods 40.5 

Number of full size poles 81 

Total number of poles 83 

Magnetic material of vertical block 

Average remanence magnetic field (Br) 

VACODUM 745 TP 

1.38 T 

Magnetic material of horizontal block 

Average Br 

VACODUM 655 TP 

1.23 T 

Full size magnet block 38 96 15× ×  mm 

Magnetic flux density at minimum gap: 

Average Bo 

Average wiggler strength (K) 

 

0.5730 T 

3.21 

Minimum photon energy 

( 26 mm gap, 1.2 GeV beam) 

37 .03 eV 

Transverse roll-off at 26 mm gap: 

x = ±  5 mm 

x = ±  10 mm 

 

0.072% 

0.31% 
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For the beam service, the SPS currently has three operational beamlines:  

Photoemission spectroscopy (BL-4), X-ray Lithography (BL-6) and X-ray Absorption 

Spectroscopy (BL-8). Synchrotron light used by all beamlines is generated by the 

bending magnets with synchrotron radiation critical energy of 1.34 keV at 1.2 GeV of 

electron beam energy. A few more beamlines are now under construction. These 

include a soft x-ray beamline which will utilize synchrotron radiation from a soft x-

ray undulator U60.  

 

 



CHAPTER II 

THEORY OF UNDULATOR 

 

 In this chapter, theories related to undulator radiation and magnetic field 

measurements are discussed. These are divided into four parts, i.e. radiation from an 

ideal undulator, effects of field errors on the radiation, perturbations on storage ring 

and theories of magnetic field measurements.  

2.1 Radiation from an Ideal Undulator 

2.1.1 The Wiggler Strength 

Before discussing the radiation from undulators, the important 

parameter called the wiggler strength must be defined. To satisfy the condition that 

when an insertion device is inserted into the storage ring, the electron beam must 

move out of the device with the same orbit as it enters. And by assuming that the net 

deflection orbit of electron is zero, the field integral must be zero. 

 ( 0, ) 0.yB y z dz
∞

−∞

= =∫  (2.1) 

For an ideal undulator, the magnetic field is approximated as 

 ( ) sin( ).y o uB z B k z=  (2.2) 
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Here, 0B is the peak magnetic field, 0 uz Nλ≤ ≤ , and 2
u

u

k π
λ

= , where uλ  is the 

undulator magnetic period. A charged particle of mass omγ  moving in the field B  

will be acted upon by the Lorentz force  

 
2

2 ( ),o
d rm q v B
dt

γ = ×  (2.3) 

where q  is the electric charge of the particle, 2
0

E
m c

γ =  ( 2345.1γ =  for electron 

energy 1.2 GeVE = ) and x zv v v= +  is velocity of an electron. By using (2.3), we 

obtain  

 0

0

cos( ).u
u

qBdx k z
dz m ckγ

=  (2.4) 

Therefore, the maximum deflection angle of the particle in the undulator field can be 

found as 

 0
max

0

( ) .
u

eBdx
dz m ckγ

Θ = =  (2.5) 

We therefore obtain the parameter characterizing the insertion device which is called 

the wiggler strength. It is defined as  

 0

0

,
u

qBK
m ck

γ= Θ =  

or 

 93.4 [T] [m].
2

u o
o u

o

q BK B
m c
λ λ
π

= =  (2.6) 

K  is small for undulators. Theoretically K  should be much less than 1, but in 

practice K  may be maximum around 1 or even higher, e.g. the U60 undulator has 

maximum 3.07K = . In the case of 1K =  the angle becomes 
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 1 ,
γ

Θ =  

which is the natural emission angle of the synchrotron radiation. For very small K , 

the radiation from each turn of an electron motion then added coherently, resulting in 

very high intensity of radiation. 

  

2.1.2 Electron Dynamics  

Since radiation characteristics depend upon the motion of the charged 

particle, a general case of undulators will be discussed, i.e. an elliptical undulator. The 

ideal device has perfectly sinusoidal fields in the two transverse planes, with phase 

difference of 
2
π . The longitudinal field is zero. These fields will cover all types of 

undulators. The fields in both transverse planes, xB  and yB , with amplitudes xoB  and 

yoB , respectively, are given by  

 ( ) cos( ),x xo uB z B k z=   

 ( ) sin( ).y yo uB z B k z=  (2.7) 

Inserting these fields and velocity x y zv v v v= + +  in (2.3), we obtain the equation of 

motions as  

 ( ),y
o

qx z B z
mγ

= −   

 ( ),x
o

qy z B z
mγ

=    

 ( ( ) ).y x
o

qz xB z yB
mγ

= −  (2.8) 
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The expressions in x and y components can be integrated to give the velocities in 

the transverse direction as 

 cos( ),y
u

cK
x k z

γ
=   

 sin( ).x
u

cKy k z
γ

=  (2.9) 

In relativistic forms, these are  

 cos( ),y
x u

K
k zβ

γ
=   

 sin( ).x
y u

K k zβ
γ

=  (2.10) 

The longitudinal velocity can be evaluated by using the relation 

 ( )
1

2 2 2 2 .z x yβ β β β= − −  (2.11) 

Substituting xβ  and yβ  and using 
2( 1)(1 ) 1 ...

2!
m m m xx mx −

+ = + + + , then 

 2 2 2 2
2 2

11 ( cos ( ) sin ( )) .
2z y u x uK k z K k zβ β
β γ

⎛ ⎞
≈ − +⎜ ⎟

⎝ ⎠
 

Because 2 1cos ( ) (1 cos(2 ))
2

x x= + , therefore  

 2 2
2 2

11 ( (cos(2 ) 1) (1 cos(2 ))) ,
4z y u x uK k z K k zβ β
β γ

⎛ ⎞
≈ − + + −⎜ ⎟

⎝ ⎠
 

 2 2 2 2
2 2 2 2

1 11 ( ) ( cos(2 ) cos(2 )) .
4 4z x y y u x uK K K k z K k zβ β
β γ β γ

⎛ ⎞
= − + − −⎜ ⎟

⎝ ⎠
 

This expression now can be written in the form  

 2 2
2

1 ( )cos(2 ).
4z z x y uK K k zβ β
βγ

= + −  (2.12) 
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The formation of (2.12) consists of the time dependent velocity oscillation and the 

average longitudinal velocity zβ  which is defined as 

 2 2
2 2

1(1 ( )).
4z x yK Kβ β
β γ

= − +  (2.13) 

Because the wiggler strength K γ<< , zβ  therefore can be approximated as 

2

2(1 )
4z
Kβ β β
γ

= − ≈ . We now can express the term uk z  as a function of time, utω   

 2
u u z u

u

ck z k c t t tπββ ω
λ

≈ ≈ =  

Eventually, we obtain the components of the velocity as 

 cos( ),y
u

cK
x tω

γ
=  

 sin( ),x
u

cKy tω
γ

=  

 2 2
2 ( ) cos(2 ).

4z x y u
cz c K K tβ ω
βγ

= + −  

Integrating these expressions gives  

 sin( ),y
u

u

cK
x tω

γω
=   

 cos( ),x
u

u

cKy tω
γω

= −  

 2 2
2 ( ) sin(2 ).

8z x y u
u

cz ct K K tβ ω
βω γ

= + −  (2.14) 

These expressions are the positions of an electron inside an elliptical undulator at time 

t , observed in the laboratory system. We will therefore see the particle trajectory as 

shown in Figure 2.1a. However, from the Lorentz transformation *x x= , *y y=  and 
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* ( )zz z ctγ β= − , the trajectory equations of a charged particle in the moving 

system are then 

 *( ) sin( ),y
u

u

K c
x t tω

ω γ
=  

 * sin( ),x
u

u

cKy tω
γω

=  

 * 2 2
2 ( )sin(2 ).

8 x y u
u

cz K K tω
βω γ

= − −  

The trajectories are now illustrated in Figure 2.1b-2.1d. In Figure 2.1b the trajectory is 

shown in 3D. For 2D trajectory, it processes the motion with “8” shape in * *x z  

plane. The smaller orbit is for the smaller wiggler strength iK , where ,i x y= . 

However, for large 2 2
x yK K−  the longitudinal amplitude grows quadratically, whereas 

the transverse amplitude is proportional to iK . For the 2D trajectory in * *x y  plan, 

the trajectory has elliptical shape, as illustrated in Figure 2.1d.  
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(a) 

 

 

 

 

 

 

 

 

(b) 

Figure 2.1 Particle trajectories in an elliptical undulator, with 60u mmλ = , 

10N = , 0.5xK =  and 1.5yK =  for small elliptical orbit; 1xK =  and 

3yK =  for large elliptical orbit, observed in the (a) laboratory system, 

(b) moving system, (c) moving system in * *x z  plane and (d) moving 

system in * *x y  plane. 
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(d) 

Figure 2.1 (Continued) Particle trajectories in an elliptical undulator, with 

60u mmλ = , 10N = , 0.5xK =  and 1.5yK =  for small elliptical orbit; 

1xK =  and 3yK =  for large elliptical orbit, observed in the (a) 

laboratory system, (b) moving system, (c) moving system in * *x z  

plane and (d) moving system in * *x y  plane. 
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ẑ  

x̂  

uλ  

θ  

d  
phS  

We have the information of electron motion now. Next, we will 

employ them to find the radiation spectrum emitted by this electron.  

 

2.1.3 The Undulator Equation 

Figure 2.2 shows an electron trajectory inside an undulator 

(Wiedemann, 1995). At point A, it emits the synchrotron light. Later time τ , it moves 

to point B and emits the synchrotron light. The synchrotron light emitted at point A 

travels the distance phS  before the emission at point B, where θ  is the emitted angle. 

The distance d  between two wavefronts is then expressed as 

 cosph ud S λ θ= −  

 

 

 

 

 

 

 

 

 

 

Figure 2.2 Electron path inside an undulator. 
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Constructive interference will occur, if the distance d  is a whole number of 

wavelengths, nnλ . So, we obtain  

 
1 cos .n u

z

nλ λ θ
β
⎡ ⎤

= −⎢ ⎥
⎣ ⎦

 

By substituting zβ , defined in (2.13), this expression is then given by 

 
12

2 2(1 ) cos ,
4

u
n

K
n
λλ β θ

β γ

−⎡ ⎤⎡ ⎤
= − −⎢ ⎥⎢ ⎥

⎢ ⎥⎣ ⎦⎣ ⎦
 

where 2 2 2
x yK K K= + . By using binomial expansion, this equation becomes 

 
2

2 2
2 1 .

2 2
u

n
K

n
λλ γ θ
γ

⎡ ⎤
= + +⎢ ⎥

⎣ ⎦
 (2.15) 

The emitted photon energy is then given by 

 
2

2
2 2

( [ ])[ ] 9.498 .
[ ] 1

2

n

u

E GeVeV n
Km

ε
λ γ θ

=
⎛ ⎞
+ +⎜ ⎟

⎝ ⎠

 (2.16) 

The (2.15) is the radiated wavelength of an undulator. It depends on the observation 

angle, wiggle strength and the electron beam energy. In practice, an undulator is 

installed in a storage ring that services the synchrotron light for many users at fixed 

beam energy. The radiated wavelength tuning can be done by changing the wiggler 

strength. This tuning is achieved by opening and closing the undulator gap. The 

observation angle is also fixed while service the synchrotron light for the users. The 

relation between the radiated wavelength, K  and θ  is illustrated in Figure 2.3. For 

1n = , the fundamental wavelength, 1λ , of undulator radiation is obtained. This relates 

to the fundamental frequency, 1ω . The fundamental frequency is the minimum 

frequency at which the undulator radiation from each turn interferes constructively. 
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We can see that (2.15) is the Doppler effect. When we observe at the 0θ =  and off-

axis, the Doppler factor is respectively 
2

1
2

K
+  and 

2
2 21

2
K γ θ+ + . For the observed 

angle of 0θ = , 60 mmuλ =  and electron beam energy of 1.2 GeV , the on-axis 

fundamental wavelength is approximately 5.45 nm . The larger observed angle the 

frequency appears red-shifted. And the wavelength increases rapidly for 1θ
γ

> . 
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Figure 2.3 Fundamental wavelength as a function of a wiggler strength and the 

observation angle for 1.2 GeV electron beam and a 60 mm period 

length. 
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2.1.4 Frequency Spectrum of the Undulator Radiation 

The energy radiated per unit frequency interval per unit solid angle by 

an electron passing through the undulator with period length uλ consisting of N  

periods can be expressed as 

 

2

ˆ. ( )2 2 2 ( )

3
0

ˆ ˆ( ( ) )) ,
16

u

u

N
n r ti t

c

N

d W e n n e dt
d d c

π
ω

ω

π
ω

ω β
ω π ε

−

−

= × ×
Ω ∫  (2.17) 

where n̂  is a unit vector pointing to the observer andβ  is v
c

, where c  is the speed of 

light. 0ε  is the permittivity of free space and ( )r t is the electron’s position vector. The 

process is illustrated in Figure 2.4. 

 

 

 

 

 

 

 

 

 

 

Figure 2.4 An electron motion inside undulator for the analysis of undulator 

radiation. 
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The term ˆ ˆn n β× ×  can be found as 

 ˆ ˆ ˆ ˆ ˆ( cos ) ( sin ) ( cos sin ) ,z x z y x yn n x y zβ β θ φ β β θ φ β β θ φ β θ φ× × = − + − + +  

where the unit vector n̂ , pointing from the particle to the observer, is defined as 

 ˆ ˆ ˆ ˆsin cos sin sin cos .n x y zθ φ θ φ θ= + +  (2.18) 

By assuming that ,x zβ β<<  y zβ β<<  and 1zβ ≈ , this gives 

 ˆ ˆ ˆ ˆ( cos ) ( sin ) ,x yn n x yβ θ φ β θ φ β× × = − + −  (2.19) 

where xβ  and yβ  are defined in (2.10). The electron trajectory (2.14) is  

 
2 2

2

ˆ ˆ( ) sin( ) cos( )

ˆ[ ( )sin(2 )] .
8

y x
u u

u u

z x y u
u

cK cKr t t x t y

cct K K t z

ω ω
γω γω

β ω
βω γ

= − +

+ −
 (2.20)  

The exponent can then be expressed as  

 

1 1

1

2 2
1

2

ˆ.( ) [ cos sin( ) sin cos( )

( sin(2 ))].
8

y x
u u u

u u

y x
u

u

K Kn rt t t t
c

K K
t

θ θω ωωω ω φ ω φ ω
ω ω γ ω γ

ω ω
ω βγ

− = − +

−
+

 

This complicated expression can be simplified using the following relation  

 
1

ˆ.( ) [ sin( ) sin(2 ))],u u u
n rt t X t Y t
c

ωω ω ω ω
ω

− = − −Φ +  (2.21) 

where 

 
1

2 2 2[ ] ,X A B= +  

 1 sinx

u

KA ω θ φ
ω γ

= , 

 1 cosy

u

K
B ω θ φ

ω γ
= , 



 

32

 
2 2 1

1 2
2[ ] ,

8
x y

u

K K
Y ω

ω βγ
−

=  

and 

 tan .A
B

Φ =  

By using Bessel functions 

 sin ( ) ,ix iq
q

q

e J x eθ θ
∞

=−∞

= ∑  (2.22) 

the phase (2.22) can be then rewritten as 

 
ˆ.exp[ ( )] exp[ ]exp[ sin( )]exp[ sin(2 )],u u u
n ri t ik t iX t iY t
c

ω ω ω ω− = − −Φ +  

or 

 ( ( ) (2 ))ˆ.exp[ ( )] ( ) ( ) ,u u ui k t p t p t
p p

p p

n ri t J X J Y e
c

ω ω ωω
∞ ∞

′− −Φ +
′

′=−∞ =−∞

− = ∑ ∑  

Substituting these equations into the energy spectrum (2.17) gives  

2

2 2 2
( )

3
0

ˆ ˆ( ( cos ) ( sin )) ( ) ( ) )) ,
16

u

u

u

N

iQ t i p
x y p p

p pN

d W e x y J X J Y e e dt
d d c

π
ω

ω

π
ω

ω θ φ β θ φ β
ω π ε

∞ ∞
Φ

′
′=−∞ =−∞

−

= − + −
Ω ∑ ∑∫

  (2.23) 

where 2Q k p p′= − + , 
1

k ω
ω

= . The time-independent term ( )i pe Φ  is canceled by its 

complex conjugate. Therefore, only the time-dependent term is carried out. That is  

 ˆ ˆ( ( cos ) ( sin ))( ( ) ( )) .
u

u

u

N

iQ t
x y p p

p pN

x y J X J Y e dt

π
ω

ω

π
ω

θ φ β θ φ β
∞ ∞

′
′=−∞ =−∞

−

− + − ∑ ∑∫  (2.24) 

By using  
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 2sin( )exp( ) ,
b

b

abia t dt
a

ωω
ω−

=∫  

and  

 sin(( 1) ) sin(( 1) )cos( ) exp( ) ,
( 1) ( 1)

b

b

a b a bt ia t dt
a a

ω ωω ω
ω ω−

+ −
= +

+ −∫  

and substituting xβ  and yβ  in (2.24), the horizontal component therefore is given by  

0

1

sin( )( cos cos( ))( ( ) ( )) 2 ( ( ) ( ) )

sin( 1) sin( 1)( ( ) ( )( ),
( 1) ( 1)

u

u

u

N

y iQ t
u p p p p

p p p pN u

p p
p p u u

K QNt J X J Y e dt A J X J Y
Q

Q N Q NA J X J Y
Q Q

π
ω

ω

π
ω

πθ φ ω
γ ω

π π
ω ω

∞ ∞ ∞ ∞

′ ′
′ ′=−∞ =−∞ =−∞ =−∞

−

∞ ∞

′
′=−∞ =−∞

+ =

+ −
+ +

+ −

∑ ∑ ∑ ∑∫

∑ ∑
  (2.25) 

where 0 cosA θ φ=  and 1
yK

A
γ

= . The vertical component is given by 

0 1

( sin cos( ))( ( ) ( ))

sin( ) sin( 1) sin( 1)2 ( ( ) ( ) ) ( ( ) ( )( ),
( 1) ( 1)

u

u

u

N

iQ tx
u p p

p pN

p p p p
p p p pu u u

K t J X J Y e dt

QN Q N Q NB J X J Y B J X J Y
Q Q Q

π
ω

ω

π
ω

θ φ ω ψ
γ

π π π
ω ω ω

∞ ∞

′
′=−∞ =−∞

−

∞ ∞ ∞ ∞

′ ′
′ ′=−∞ =−∞ =−∞ =−∞

− + =

+ −
− +

+ −

∑ ∑∫

∑ ∑ ∑ ∑
  (2.26) 

where 0 sinB θ φ=  and 1
cosxKB ψ
γ

= . By substituting (2.25) and (2.26) into (2.23), 

the undulator radiation spectrum is eventually given by 

2 2 2 2

02
0

sin( )ˆ( ( ) ( )
4 p p

p pu

d W e N QNx A J X J Y
d d c NQ

ω π
ω π ε ω π

∞ ∞

′
′=−∞ =−∞

=
Ω ∑ ∑  

 1
1 sin( 1) sin( 1)( ) ( ) ( ))
2 ( 1) ( 1)p p

p p

Q N Q NA J X J Y
N Q N Q

π π
π π

∞ ∞

′
′=−∞ =−∞

+ −
+ +

+ −∑ ∑   

0
sin( )ˆ( ( ) ( )p p

p p

QNy B J X J Y
NQ
π

π

∞ ∞

′
′=−∞ =−∞

+ ∑ ∑  
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2

1
1 sin( 1) sin( 1)( ) ( ) ( )) .
2 ( 1) ( 1)p p

p p

Q N Q NB J X J Y
N Q N Q

π π
π π

∞ ∞

′
′=−∞ =−∞

+ −
− +

+ −∑ ∑          

(2.27) 

This expression (2.27) contains the components that correspond to 

radiation polarized in horizontal plane, denoted by unit vector x̂ , and in vertical 

plane, denoted by unit vector ŷ . The sin( )QN
QN
π

π
 and sin(( 1) )

( 1)
Q N

Q N
π

π
±

±
) factors 

represent the linewidth of the radiation. It is the result of the interference between 

successive periods of N  periods. The expression (2.27) can be expressed in a simpler 

form. Firstly, by defining  

 sin ( )
( )Q j
N Q jP

N Q j
π

π+

+
=

+
, 0, 1.j = ±  (2.28) 

We know that the function sin x
x

 is maximum when 0x → . Therefore, the QP  and 

Q jP +  factors are respectively maximum at  

 1( 2 ) ,p pω ω′= −   

 1( 2 ) .p p jω ω′= − −  (2.29) 

That is 

 2 ,k p p′= −   

 2 .k p p j′= − −  (2.30) 

The factor Q j+  can be therefore replaced by kQ , where  

 
1 1

.k
kQ k ωω

ω ω
Δ

= − =  (2.31) 

The factor kP  is then given by  
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 sin .k
k

k

NQP
NQ
π

π
=  (2.32) 

Secondly, the polarization modes at thk  harmonics in the horizontal and vertical 

planes are assigned to kAσ  and kAπ , respectively. The undulator spectrum for the thk  

harmonic from (2.27) eventually is obtained  

 
2 2 2 2

22
2

0

, ,
4

k k
k k k

u

d W e N P A A
d d c σ π

ω
ω π ε ω

=
Ω

 (2.33) 

where kAσ , kAπ  and jS  are respectively defined as 

 1
0 0 1 1( ),

2k
AA A S S Sσ + −= + +  

 1
0 0 1 1( ),

2k
BA B S S Sπ + −= − +   

 2 ( ) ( ),j k p j p
p

S J X J Y
∞

′ ′+ +
′=−∞

= ∑  (2.34) 

The factor 2
kP  with various undulator periods is illustrated in Figure 2.5. The graph 

shows that the undulator with more periods ( 41)N =  produces radiation with 

narrower linewidth. So, the more sharp peak will be produced when the number of the  

number of magnetic period, N , is increased. Moreover, the undulator radiation  

spectrum is proportional to the square of number magnetic periods.  
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Figure 2.5 The linewidth of the radiation as a function of Q , plotted with periods 

5N = (widest graph ) 10N = (middle graph) and 41N = (narrowest 

graph). 

 

The spectrum of the undulator radiation is then obtained by summing over all the 

harmonics, 

 
22

.k

k

d Wd W
d d d dω ω

=
Ω Ω∑  (2.35) 

The radiation produced in the forward direction now will be discussed. 

0A , 0B  and X  are zero in this case. Because the property of the Bessel function, 

 2

1, 2 0,
(0)

0, 2 0.k p j

k p j
J

k p j′+ +

′+ + =⎧
= ⎨ ′+ + ≠⎩

 

The spectrum expressed in (2.35) is non-zero only when  

 .
2

k jp +′ = −  (2.36) 
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By substitution p′  into the expression jS , this gives 

 
2

( ).j k jS J Y+
−

=  (2.37) 

By substituting jS  into kAσ  and kAπ  and using the identity ( 1)n
n nJ J− = − , these give  

 1
1 1

2 2

( ( ) ( )),
2k k k
AA J Y J Yσ − += −   

 1
1 1

2 2

( ( ) ( )).
2k k k
BA J Y J Yπ + −= −  (2.38) 

Due to the integral order of the Bessel functions, the index k  must be restricted to 

odd numbers and thus there are no even harmonics observed on-axis. 

For the planar undulator, the wiggler strength in horizontal component, 

,xK  is zero. The energy spectrum for the thk  harmonic is therefore reduced to  

 
2 2 2 2

22
2

0

,
4

k k
k k

u

d W e N P A
d d c σ

ω
ω π ε ω

=
Ω

 

or 

 
22 2 2 2

2 2
1 12

0 2 2

( ) ( ) ( ) ,
4 2

yk k
k k k

u

Kd W e N P J Y J Y
d d c

ω
ω π ε ω γ − += −

Ω
 (2.39) 

where Y  is reduced to 
2

2

4(1 )
2

y

y

kK
Y

K
=

+
.  

The linewidth function kP  in (2.32) is first zero, i.e. destructive 

interference first occur, when the bandwidth 
1

1k

N
ω
ω
Δ

= . Therefore the bandwidth of 

the thk  harmonic of the radiation at frequency kω  is then 

 1 .k

k kN
ω
ω
Δ

=  (2.40) 
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For example, a typical undulator with 41 periods would have a bandwidth of 

around 2.43% at the first harmonic. 

At the angle θ , the frequency is changed by 

 ( ) ,k kω ω θ ωΔ = −   

where  

 
2

2
2 2

2( ) ,
1

2

uk
K
γ ωω θ

γ θ
=

+ +
 (2.41) 

and  

 
2

2

2 .
1

2

u
k

k
K
γ ωω =
+

 

The frequency, ( )ω θ , can be rewritten in form of kωΔ  and kω  : 

 ( ) ( 1).k
k

k

ωω θ ω
ω
Δ

= +  

By substituting k

k

ω
ω
Δ  from (2.41) we obtain 

 1( ) (1 ).k kN
ω θ ω= +  

Later, by substituting this expression into (2.42), we finally obtain the angle at which 

the intensity falls to zero,  

 

2

11 2 .
1

K

kN
θ

γ

+
=

+
 

For an undulator consisting of a large number of magnetic periods, kN , this gives  

 

2

11 22 .
u

K

kN N
λθ

γ λ

+
≈ =  (2.42) 
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The rms opening angle is defined as  

 2 2
1 2 ,rmsθ σ=  

where 1θ  is the angle at which sin 0x =  for the first time. The rms opening angle is 

therefore given by 

 

2

11 2 .
2rms

K

kN
σ

γ

+
≈  (2.43) 

Eq. (2.44) shows that the undulator radiation becomes more collimated as the number 

of magnetic periods and harmonic number increase. This expression will be employed 

to calculate the total flux of undulator radiation. 

 

2.1.5 The On-axis Spectral Photon Flux of Undulator Radiation 

We have now the frequency distribution of the undulator radiation. 

However, the photon flux distribution is more useful for the user. The photon flux 

distribution will therefore be discussed next. Since we know the number of photon is 

the photon energy divided by energy of one photon, ω . The photon flux, the number 

of photons per unit time, for the thk harmonic of synchrotron radiation emitted by the 

electron beam with the beam current I  is given by  

 
2 21 .k kd F d WI

d d e d dω ω ω
=

Ω Ω
 (2.44) 

Since the synchrotron radiation received by the user is not exactly monochromatic, 

but has a small bandwidth around the required frequency. The on-axis photon flux is 

therefore  

 
2

0 0

.k kdF d WI
d e d dθ θ

ω
ω ω= =

Δ
=

Ω Ω
 (2.45) 



 

40

Due to the synchrotron light radiated from an undulator is collimated, the total 

photon flux can be evaluated inside solid angle 22 rmsd πσΩ = . The total flux is 

eventually given by  

 

2

2

0
0

(1 )
2 .k

k

K
d W IF
d d Ne kθ

θ

π ω
ω ω=

=

+Δ
=

Ω
 (2.46) 

 

2.2 Magnetic Field Errors of Undulators 

The spectrum of undulator radiation from an ideal undulator has been derived 

in the previous section. However, in practice a perfect device cannot be realized. 

Magnetic field errors in the device always exist. Therefore, the generated magnetic 

field is not quite a perfect sinusoidal field. The errors affect the undulator radiation. In 

this section the magnetic field errors and their influence on the undulator radiation 

will be discussed. 

2.2.1 The Phase Error  

While an electron is moving inside a real undulator, it is acted to move 

with different path length in each period. This effect is called “phase error”. In Figure 

2.6, an electron moves through a periodic field ( )yB z , generated by a real device. 

This field is assumed such that it is not perfectly sinusoidal. 
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Figure 2.6 Trajectory of an electron in a imperfect periodic field ( )yB z . 

 

In Figure 2.6, an electron moves with the path length, dL , that can be expressed as 

 
1

2 2 2( )dL dx dz= + ,  

where dx  and dz  are respectively the distance elements in horizontal and longitudinal 

direction. When the electron moves from 0z  to z , the distance can be written as 

 
1

2 21 .
o

z z

z z

L x dz
=

=

′⎡ ⎤= +⎣ ⎦∫  

By using the polynomial expansion, this equation gives 

 
2

(1 ) ,
2

o

z z

z z

xL dz
=

=

′
= +∫  

 
2

0( ) ,
2

o

z z

z z

xL z z dz
=

=

′
≅ − + ∫  

where ( )x z′  is the deflection angle evaluated from the equation of motion which can 

be found by  

L  

x̂  

oz  

z  ẑ  

x′  A B
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 0.3( ) ( ),
[GeV] yx z I z

E
′ =  (2.47) 

where ( )yI z  is the first field integral. It is defined as 

 
'

0

( ) ( ) .
z z

y y
z

I z B z dz
=

′=

′ ′= ∫  (2.48) 

The phase function at point z  with respect to point oz  is defined by (Diviacco, 

Walker, 1988) 

 2( ) [ ( )],o
Lz z zπδ

λ β
= − −  

where λ  is the wavelength of the undulator radiation. By substituting L , this gives 

 

2

2( )2( ) [ ( )],o

z z

z zo
o

x dz
z zz z zπδ

λ β β

=

=

′

−
= + − −

∫
 

 
22 1 1( ) [( )( ) ].

2
o

z z

o
z z

xz z z dzπ βδ
λ β β

=

=

′−
= − + ∫   

For 1β ≈ , 1 β−  can be approximated as 

 
2

2

(1 )(1 ) (1 ) 11 ,
(1 ) (1 ) (1 )
β β ββ

β β γ β
− + −

− = = =
+ + +

 

 2

11 .
2

β
γ

− ≈  

Finally, the phase function can be written as 

 
0

2
0

2

( )2( ) [ ].
2 2

z z

z z

z z xz dzπδ
λ γ

=

=

′−
= + ∫  (2.49) 

If the phase function in each period is calculated, the average can be found. Therefore, 

by subtracting the average, the phase error can be calculated (Diviacco and Walker, 

1996). That is 
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 ,real avgδ δ δΔ = −  (2.50) 

where realδ  and avgδ  are phase function in each period in real device and the average 

of them, respectively. In an ideal undulator, the phase function of all periods are the 

same. That means the phase error of an ideal device is zero. 

 

2.2.2 The Spectral Photon Flux with Phase Error 

The phase error naturally affects the quality of undulator radiation. The 

reduction in undulator radiation due to the phase error (Diviacco and Walker, 1996) 

can be calculated by  

 
2

2

2
( )

(1 )
2( ) ,kk

k real
ideal

K
d W IF e
d d Ne k

φσ π ω
ω ω

−
+Δ

=
Ω

 (2.51) 

where φσ is the rms phase error and k  is the harmonic number. The ratios of photon 

flux as a function of harmonic number for various rms phase errors are illustrated in 

Figure 2.7. The on-axis spectrum can be calculated using the following approximation 

(Shih and Caponi, 1982; Walker, 1993) : 

 
22 2 2

3 3
0

) ,
16

ik kd W e x e dz
d d c

δω
ω π ε

∞

−∞

′=
Ω ∫  (2.52) 

where δ  is the phase function and ( )x z′  is the deflection angle of an electron as 

moving inside an undulator, defined in (2.47).  
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Figure 2.7 The reduction of ratio photon flux as a function of harmonic number 

for various rms phase error. 

 

2.3 Theories of Magnetic Field Measurements  

2.3.1 Magnetic Field Mapping  

Magnetic field mapping is carried out by Hall Probe scanning. The 

field value is obtained by Hall effect. This is the production of the electric field in a 

current carrying crystal when it is acted on by a magnetic field. The electric field, 

current and magnetic field are mutually orthogonal. The resultant voltage is given by  

 H
H n

RV IB
d

= , (2.53) 

where HR  is the Hall coefficient of the material, d  is the plate thickness and I is the 

current and nB is the normal component of magnetic field.  

 

1  

3  

5  

7  

9  
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2.3.2 First Field Integral Measurements by Flipping Coil 

The basic expression of the magnetic flux Φ  due to magnetic field, B , 

passing through the element area ds  is given by 

 .
S

N B ndsΦ = ∫ , 

where N  is the number of turns in the coil and n  is normal vector, defined as 

 ˆ ˆsin cosn x yθ= + . 

The undulator magnetic field, B , is given by 

 ˆ ˆx yB B x B y= + . 

By substituting n  and B , the magnetic flux thus becomes  

 cos siny x
S S

N B ds N B dsθ θΦ = +∫ ∫ , 

 x yΦ = Φ +Φ , 

where xΦ and yΦ  are defined as  

 cosy y
S

N B ds θΦ = ∫ , 

 sinx x
S

N B ds θΦ = ∫ .  

When the magnetic flux varies with time, the induced voltage V  is generated. The 

relation can be written by 

 yx dddV
dt dt dt

ΦΦΦ
= − = − − . 

The mathematical expression for obtaining the first field integral will 

now be derived. From the definition of the first field integral, the coil must be formed 
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in the rectangular shape. The coil is therefore formed with dimension L D× , shown 

in Figure 2.8b. 

 

 

 

 

 

 

 

(a) 

 

 

 

 

 

(b) 

Figure 2.8 The coil configuration for measuring the first field integral. a) side 

view along the longitudinal axis and b) side view of the coil along the 

transverse axis ( ˆn x= + ). 

 

By substituting the magnetic flux into the induced voltage equation, the result 

becomes 

 
0 0

[( ( ) )( sin ) ( ( ) )(cos )]
L L

y x
z z

d dV ND B z dz B z dz
dt dt
θ θθ θ

= =

= − − +∫ ∫ , 

θ x̂

ŷ

xB

yB

0o  

n  

D  
ẑ−  

L  

ŷ  
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 [ ( sin ) (cos )]y x
d dV ND I I
dt dt
θ θθ θ= − − + . 

By flipping the coil from iθ  at time it  to fθ  at time ft , the integrated voltage, ε ′ , 

will therefore be obtained: 

 sin cos

f

f f

i

i i

t

t
y x

Vdt
I d I d

ND

θ θ

θ θ

ε θ θ θ θ′ = = −
∫

∫ ∫ , 

 [ cos ] [ sin ]f f

i iy xI Iθ θ
θ θε θ θ′ = − + − , 

 y xε ε ε′ ′ ′= + , 

where yε ′ and xε ′  are defined as 

 [ cos ] f

iy yI θ
θε θ′ = − , (2.54) 

 [ sin ] f

ix xI θ
θε θ′ = − . (2.55) 

yε ′  in (2.54) will be first measured. By starting with the vector n  in direction of 

ŷ ( 0θ = ), the coil is then flipped from 0  to 180 and next it is flipped from 180 to 

360 . Later, it is reversely flipped from 0  to 180− and it is finally flipped from 

180− to 360− . These procedures are illustrated in Figure 2.9. 
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a 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.9 The procedure for measuring yε ′ . a) is the start of the procedure. First 

flips the coil from 0  to 180  (b-c), next flip the coil from 180  to 

360  (c-d). The coil is then flipped back from 0 to 180−  (e- f) and it 

is finally flipped from 180− to 360−  (f-g). 

b c d 

f e g 

Flip 180  

ˆyB y   0   

x̂  
n
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Flipping the coil from 0  to 180  gives  

 ,1 2y y dI Iε ′ = + , (2.56) 

where dI  is the zero field offset. Next, flipping the coil from 180  to 360  gives 

 ,2 2y y dI Iε ′ = − + . (2.57) 

Next, the coil is flipped back from 0  to 180− . This procedure gives 

 ,3 2y y dI Iε ′ = + . (2.58) 

Finally, the coil is flipped from 180−  to 360− . This procedure gives 

 ,4 2y y dI Iε ′ = − + . (2.59) 

Making subtraction (2.56) with (2.57) and (2.58) with (2.58) give vertical first field 

integrals as 

 ,1 ,2
,1 4

y y
yI

ε ε′ ′−
=  (2.60) 

 ,3 ,4
,2 4

y y
yI

ε ε′ ′−
=  (2.61) 

The averaged vertical field integral are evaluated by making repeated measurement. 

For measuring the xε ′  in (2.55), the coil starts at 90θ = ( ˆn x= ), 

shown in Figure 2.10a. The procedure for measuring the xε ′  is illustrated in Figure 

2.10b-2.10g.  
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a 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.10 The procedure to measure xε ′ . The coil is started with configuration in 

2.11a. First, the coil is flipped from 90  to 270  (b-c). Next, it is 

flipped from 270  to 450 (d-e). Later, the coil is flipped back from 

90 to 270−  (e-f). Finally, it is flipped from 270− to 450−  (f-g). 

 

b c 

e f 

d 

g 

Flip 180  

ˆxB x  

ˆyB y  
 

90  

n
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For measuring xε ′  in Figure 2.10, the coil is first flipped from 90  to 

270  (Figure 2.10b-c.). This procedure gives   

 ,1 2x x dI Iε ′ = + . (2.62) 

The coil is then flipped from 270  to 450  (Figure 2.10d-e). This procedure gives  

 ,2 2x x dI Iε ′ = − + . (2.63) 

Next, it is flipped back from 90 to 270−  (Figure 2.10e-f). This procedure gives 

 ,3 2x x dI Iε ′ = + . (2.64)  

Finally, it is flipped from 270−  to 450−  (Figure 2.10f-g). This procedure gives 

 ,4 2x x dI Iε ′ = − +  (2.65) 

Making subtraction (2.62) with (2.63) and (2.64) with (2.65) thus give the vertical 

first field integral as 

 ,1 ,2
,1 4

x x
xI

ε ε′ ′−
= , (2.66) 

 ,3 ,4
,2 4

x x
xI

ε ε′ ′−
= . (2.67) 

Similarly, the averaged horizontal field integral are obtained by 

making repeated measurements. 

 

2.3.3 Second Field Integral Measurements by Flipping Coil 

In this section the mathematical expression for obtaining the second 

field integral will be derived. Before measuring the second field integral, the coil must 

be formed in the 8-shape configuration. The schematic view is shown in Figure 2.11. 
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Figure 2.11 The coil configuration to measure the second field integral. (a) side 

view along the longitudinal axis and (b) side view of the coil along the 

transverse axis ( ˆn x= + ). 

 

To obtain the second field integral, we will go back to the equation for the magnetic 

flux: 

 cos siny x
S S

N B ds N B dsθ θΦ = +∫ ∫ . 

Making substitution to the modified elementary area ds , the magnetic flux can 

therefore be written as  

 
0 0

2 [ ( ) cos ( ) sin ]
z L z L

y x
z z

ND B z zdz B z zdz
L

θ θ
′ ′= =

= =

Φ = +
′ ∫ ∫ , 

 x yΦ = Φ +Φ , 

where 
0

2 ( ) cos
z L

y y
z

ND B z zdz
L

θ
′=

=

Φ =
′ ∫  and 

0

2 ( ) sin
z L

x x
z

ND B z zdz
L

θ
′=

=

Φ =
′ ∫ . 

θ x̂

ŷ

xB

yB

0o  

ẑ

ŷ

L′  

(a) (b) 
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Integrating by part the term 
0

( )
L

i
z

B z zdz
′

=
∫  then gives  

 
0 0 0 0

( ) ( ) ( )
2

L L L z z

i i i
z z z z

LB z zdz B z dz B z dz dz
′ ′ ′ ′ ′′=

′′ ′= = = =

′
′ ′ ′′= −∫ ∫ ∫ ∫ , 

 
0

( )
2

L

i i i
z

LB z zdz I II
′

=

′
= −∫ , 

where i x=  or y . Magnetic flux is eventually obtained in the form 

 2 [ ( )cos ( )sin ]
2 2y y x x

ND L LI II I II
L

θ θ
′ ′

Φ = − + −
′

. 

By substituting the magnetic flux into the induced voltage equation, we will then 

obtain 

 [ ( )( sin ) ( )(cos )]
2 2y y x x

d ND L d L dV I II I II
dt L dt dt

θ θθ θ
′ ′Φ

= − = − − − + −
′

. 

By integrating with respect to time, this process then gives 

 2 [( )( sin ) ( )( cos )]
2 2

f f f

i i i

t

y y x x
t

ND L LVdt I II d I II d
L

θ θ

θ θ

θ θ θ θ
′ ′−

= − − + −
′∫ ∫ ∫ , 

 2 [( )[cos ] ( )[sin ] ]
2 2

f

f f

i i

i

t

y y x x
t

ND L LVdt I II I II
L

θ θ
θ θθ θ

′ ′−
= − + −

′∫ , 

 [( )[ cos ] ( )[ sin ] ]
2 2 2

f

f fi

i i

t

t y y x x

Vdt
I II I II

ND L L
θ θ
θ θε θ θ′′ = = − − + − −

′ ′

∫
, 

 y xε ε ε′′ ′′ ′′= + , 

where yε ′′and xε ′′  are respectively the integrated values of the vertical and horizontal 

induced voltage, defined by 

 ( )[ cos ]
2

f

i

y y
y

I II
L

θ
θε θ′′ = − −

′
. (2.68) 
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 ( )[ sin ]
2

f

i

x x
x

I II
L

θ
θε θ′′ = − −

′
. (2.69) 

(2.68) and (2.69) will be used to evaluate the second field integrals. 

First we will find yε ′′ . From (2.68), yε ′′  is obtained by flipping the coil from 0  to 

180  and then from 180  to 360 . Next, the coil is flipped back from 360  to 180−  

and it is flipped from 180−  to 360− . These procedures are the same with the yε ′  in 

Figure 2.9. The obtained equations then are 

 ,1 2( )
2
y y

y d

I II
I

L
ε ′′ = − +

′
, (2.70) 

 ,2 2( )
2
y y

y d

I II
I

L
ε ′′ = − − +

′
, (2.71) 

 ,3 2( )
2
y y

y d

I II
I

L
ε ′′ = − +

′
, (2.72) 

 ,4 2( )
2
y y

y d

I II
I

L
ε ′′ = − − +

′
, (2.73) 

Making subtraction (2.70) with (2.71) and (2.72) with (2.73), the vertical second field 

integrals are eventually obtained as 

 ,1 ,2
,1 ( )

2 4
y y y

y

I
II L

ε ε′′ ′′−
′= − , (2.74) 

 ,3 ,4
,2 ( )

2 4
y y y

y

I
II L

ε ε′′ ′′−
′= − . (2.75) 

Similarly, the averaged vertical second field integral are obtained by 

making repeated measurements. 

Next we will measure xε ′′ , defined in (2.69). From the equation, xε ′′  is 

obtained by flipping the coil from 90  to 270  and from 270  to 90  Next, it is 

flipped back from 90  to 270−  and it is finally flipped from 270−  to 90− . The 
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procedures are the same with the xε ′ , shown in the Figure 2.10. Thus the following 

equations are then obtained   

 ,1 2( )
2

yx
x d

III I
L

ε ′′ = − +
′

, (2.76) 

 ,2 2( )
2
x x

x d
I II I

L
ε ′′ = − − +

′
, (2.77) 

 ,3 2( )
2
x x

x d
I II I

L
ε ′′ = − +

′
, (2.78) 

 ,4 2( )
2
x x

x d
I II I

L
ε ′′ = − − +

′
, (2.79) 

Making subtraction (2.76) with (2.77) and (2.78) with (2.79), the horizontal second 

field integrals are eventually obtained as 

 ,1 ,2
,1 ( )

2 4
x xx

x
III L

ε ε′′ ′′−
′= − , (2.80) 

 ,3 ,4
,2 ( )

2 4
x xx

x
III L

ε ε′′ ′′−
′= − . (2.81) 

Similarly, the averaged horizontal second field integral are evaluated 

by making repeated measurements. 



CHAPTER III 

DESIGN OF SOFT X-RAY UNDULATOR FOR SPS  

 

 This chapter discusses the design of soft x-ray undulator for SPS. Designs of 

the magnetic structure, magnetic field simulation and simulated effects of field errors 

on electron motion are discussed.  

3.1 Magnetic Structure 

To determine the magnetic structure of the SPS undulator, we first consider 

the required photon energy range. The fundamental photon energy of undulator 

radiation at the on-axis, by substituting 1n =  in (2.16), is determined by the period 

length and the peak magnetic field,  

 
2

1 2

0.950 [GeV](keV)
(1 ) [cm]

2 u

E
K

ε
λ

=
+

, (3.1) 

where K  is the wiggler strength, defined in (2.6). The relation is illustrated in Figure 

3.1 for the 1.2 GeV  electron beam energy. Because the current technology for 

obtaining maximum remanent field in a magnet block, hence the obtainable maximum 

magnetic field, is limited the photon energy is therefore determined by the period 

length. Moreover, the photon flux is determined by number of period, 
u

LN
λ

= , which 

is 
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limited by the length of the straight section. It is therefore clear that the main 

designing parameter is the period length. The optimum the period length which gives 

the required minimum photon energy can be found from the relation in Figure 3.1. 

From this fact we will consider the design of planar undulator for the SPS. 
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Figure 3.1 The relation between the radiated fundamental photon energy at the 1.2 

GeV  beam energy, the magnetic peak field and the period length. 

 

To determine the minimum period length, the undulator field must be known. A 

planar undulator is constructed by the square magnet block elements arranged in the 

Halbach configuration (Halbach, 1981). The two end blocks are half length blocks for 

endfield correction. This is illustrated in Figure 3.2. The magnet block with the 

magnetization M  and size X , Y and Z  is shown in Figure 3.3. The vertical 

component of the magnetic field at position ( , ,x y z ) produced by such a magnet block 
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is given by (Ortega, Bazin, Deacon, Depautex, and Elleaume, 1983; Isoyama, 1989; 

Marechal, Chavanne, and Elleaume, 1990) 

 

 

 

 

 

 

 

Figure 3.2 The structure of a planar undulator. The arrows in the magnet blocks 

indicate the direction of the magnetization. 

 

 

 

 

 

 

 

 

Figure 3.3 The permanent rectangular magnet with magnetization in arbitrary 

direction. 

 

( , , ) [ ( , , ) ( , , ) ( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , , )].
yB x y z b X Y Z b X Y Z b X Y Z b X Y Z b X Y Z

b X Y Z b X Y Z b X Y Z

= − − − − − − + − −

+ − − − − − − − − −
  

  (3.2) 

ˆze  

ˆxe  

ˆye  

M  

xM  yM  

zM  0 0 0, ,x y z  

Z  

Y  
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By decomposing M  in y -component, coefficient ( , , )b x y z  is given by  

 1

2 2 2

( )( )
2 2( , , ) tan [ ]

4
( )( ( ) ( ) ( ) )

2 2 2 2

y

X Zx zBr
b X Y Z

Y X Y Zy x y z
π

−
− −

=
− − + − + −

. (3.3) 

Decomposing M  in z -component, 

 2 2 2( , , ) ln[ ( ) ( ) ( ) ]
4 2 2 2 2

zBr X X Y Zb X Y Z x x y z
π

−
= − + − + − + − . (3.4) 

Similarly, decomposing M  in x -component, 

 2 2 2( , , ) ln[ ( ) ( ) ( ) ]
4 2 2 2 2

xBr Z X Y Zb X Y Z z x y z
π

−
= − + − + − + − , (3.5) 

where iBr  is remanent field, , ,i x y z= , and the origin of the coordinate system is at 

the center of the block. The undulator field can then be calculated by summing the 

contributions from each block. The designed planar undulator will now be 

constructed. The undulator length will be fixed at about 2.5 m, occupying 

approximately half the straight section. The size of blocks are initially set to the width 

of 46 mmX = and the hight of 15=Y mm. The magnet block length is determined 

by the period length, 
4
uz λ

= . The remanent field is fixed at 1.38 T , which is 

approximately the achievable maximum value for commercially available magnet 

blocks. The assumed minimum gap is 20 mm, determined by the operational aperture 

of the storage ring. The calculated field therefore can give us the peak magnetic field 

as function of period length and the size of magnet block. The graph in Figure 3.4 

shows the relation between the peak magnetic field as a function of the undulator 

period length. The thin line is the theoretical relation that gives the photon energy of 

30 eV . At the intercept of both lines gives the period length value of 59.6940 mm. 
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This period length gives the peak magnetic field of 0.6566 T. However, higher fields 

can be obtained if the magnet block size is increased, as illustrated in Figure 3.5. 

These were simulated at minimum gap. The optimum of the width and height of 

magnet block which give maximum peak field are 100 and 62 mm, respectively. The 

undulator with the parameters presented in Table 3.1 will therefore be constructed and 

then the magnetic error will be characterized. 
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Figure 3.4 The peak field as function of period length. The thick line is simulated 

peak magnetic field from assembly of magnet blocks and the thin line is 

theoretical calculation for the fundamental energy of 30 eV . 
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(b) 

Figure 3.5 The peak field as a function of (a) block length and (b) block height, 

simulated at the gap of 20 mm. The optimums of the magnet length and 

magnet height are 100 and 62 mm, respectively. 
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Table 3.1 Parameters of the designing undulator. 

Parameters Data 

magnet material NdFeB 

maximum remanent field 1.38 T 

period length ≈60 mm 

minimum gap 20 mm 

Minimum photon energy 30.00 

number of periods 42 

full block dimensions 100×62×15 mm 

 

3.2 Simulation of Magnetic Field Error 

As was previously mentioned, the parameters for constructing undulator were 

shown in Table 3.1. The magnitude and direction of magnetization in each magnet 

block will be considered for characterizing the undulator field error. These can be 

done by generating random alteration of the magnetization in the blocks. 

First, we illustrate the magnetic characteristic of an ideal device. The ideal 

planar undulator field in both planes at the gap of 20 mm is illustrated in Figure 3.6. It 

can be seen that the horizontal field is negligibly small. The peak vertical magnetic 

field and the fundamental photon energy are respectively 0.8647 T and 17.88 eV. The 

electron trajectory is shown in Figure 3.7. 
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(b) 

Figure 3.6 Simulated on-axis U60 field at 20 mm gap (a) vertical field (b) horizontal 

field. 
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Figure 3.7 The calculated trajectory of an electron in an ideal undulator. 

 

The magnetic field errors generated by variation of the magnetization of 

magnet blocks are now illustrated. Random errors of the magnitude and direction of 

magnetization vector in each magnet block, shown in Figure 3.8, are simulated. Two 

sets of random variation are performed to show effects of the errors. The first set is 

1% deviation of the magnetization strength from a norminal value, r

r

B
B
Δ , ≤ 1% and 1 

degree deviation of the magnetization direction from a norminal magnetization axis, 

θΔ 1≤ . The second set is 5%r

r

B
B
Δ

≤  and 5θΔ ≤ . In both cases the azimuthal 

angle, ϕΔ , is randomly distributed between 0  and 360 . The calculated horizontal 

and vertical magnetic field results are respectively shown in Figure 3.9 and 3.10, 

together with that from the ideal device. The resulting electron trajectories are shown 
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in Figure 3.11. The errors generate significant horizontal field, the electron is 

therefore orbits in both planes. 

 

 

 

 

 

 

 

 

Figure 3.8 The magnetization vector of a magnet block. 

 

 

 

 

 

 

 

 

 

 

Figure 3.9 The simulated horizontal fields for the cases 5%r
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(b) 

Figure 3.10 The simulated vertical fields for the cases: (a) 1%r

r

B
B
Δ

≤ , 1θΔ ≤  and 

(b) 5%r

r

B
B
Δ

≤ , 5θΔ ≤ . 
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Moreover, the field errors affect electron beam trajectrory. At the exit of the 

undulator, the electron is kicked out of the axis with orbit deviation of 154.87 and 

2148.38 mμ  for the first and second error sets, respectively. Considering the phase 

error, the rms phase errors are generated with the values of 1.98 and 16.94 degrees for 

the first and second error error sets, respectively. As mentioned in section 2.2.2, the 

phase error affects the quality of undulator radiation. The quality of undulator 

radiation will be rapidly reduced when the phase error is increased. The photon flux 

will obtain more than 90 % of the ideal undulator if the phase error is approximate 1 . 

So, the maximum r

r

B
B
Δ  and θΔ  should be respectively less than 1%  and 1 . 
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Figure 3.11 The trajectory of an electron calculated from the simulated fields. 
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CHAPTER IV 

MAGNETIC FIELD MEASUREMENTS OF U60 

 

This chapter will discuss the magnetic field measurements of the U60 

undulator. The measurements consist of the magnetic field mapping and first and 

second field integral measurements. The field mapping was measured by Hall probe 

scan. The first and second field integral were measured by the flipping coil. The 

devices were designed, constructed and installed at the Siam Photon Laboratory 

(SPL). The details will be discussed in the following sections.  

4.1 Magnetic Field Mapping 

4.1.1 The Hall Probe Installation 

The first technique to study the U60 field is the Hall probe scan. This 

technique was employed to measure the magnetic field distribution. These fields were 

used for calculations of the undulator radiation and its perturbation on the storage 

ring. The Hall probe system must therefore be designed to cover the measurements. 

The accuracy of the system installation must also be taken into consideration. The 

schematic drawing of the Hall probe system is shown in Figure 4.1. The length of the 

Hall probe bench is 3010 mm. The moving system was designed to move 

independently in 3 directions those are x (horizontal), y (vertical) and z  

(longitudinal). These can be done by 3 independent stepping motors. The system can 
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be moved to measure the field in the x  and y  axes ranges of 200 mm, and 2465 mm 

in the z  axis. The positions for the field measurements are known by linear encoders. 

The Hall probe system in Figure 4.1 is composed of various device elements. The 

steps of installation therefore were carefully done. The installation is shown in Figure 

4.2. The installed components were aligned by FARO Laser tracker Xi and Leica 

NAK2 automatic level. The standard deviation in the Hall probe positions throughout 

whole 3-axis lengths are within 0.025  mm (Prawanta, 2008). The systems were 

installed in 2004 and employed in various magnetic measurements. The system was 

operated via user interface by Labview software on a personal computer (PC). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.1 Schematic drawing of the bench for Hall probe installation. 
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Figure 4.2 also shows the measurement of U60 field. The U60 was 

aligned to certain position by referring to the bench. The center of undulator gap to 

measure the field must be known. This can be evaluated by using the reference marks 

appearing on the U60 and the Hall probe, illustrated in Figure 4.3. The mark on the 

U60 represents the horizontal center which was marked by the manufacturer. And the 

mark on center on the Hall probe can be used for finding the measured position. The 

center of gap in horizontal direction was known by aligning the horizontal mark of 

Hall probe to the mark on the U60 using Leica NAK2 automatic level. When these 

marks are at the same position illustrated in Figure 4.3a, the horizontal center was 

obtained by the linear encoders on x  axis. The center in vertical direction was 

obtained using the edges of the U60 and horizontal mark on the probe, shown in 

Figure 4.3b. The horizontal mark on the probe was taken to the edge of the upper 

magnet, presented by position 1 in Figure 4.3b. Then this vertical position was known 

by linear encoder on y axis. Secondly, the probe was taken to the edge of lower 

magnet, represented by position 2 in Figure 3b. Then this vertical position was 

known. Making the subtraction of these values, the vertical direction then was known. 

All procedures mentioned above were managed by software on PC. 
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Figure 4.2 The steps of the Hall probe installation. 
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(a) 

 

 

 

 

 

(b) 

 

 

 

 

 

 

 

(c) 

 

Figure 4.3 The schematic view for (a) finding the horizontal center, (b) finding the 

vertical center, and (c) the system ready to map the field by Hall Probe. 
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4.1.2 The Field Mapping Measurement 

Various gaps and positions to map the field are shown in the Table 4.1. 

The probe ready for measurement is shown in Figure 4.3c. The fields were mapped on 

1 mm interval. The measurements use the on-the-fly mode. These procedures were 

operated by a software on PC. The results of measurement will be presented in the 

next chapter. 

 

Table 4.1 Various undulator gaps and coordinates to measure the U60 field. 

Measured Coordinate 
Gap (mm) 

x (mm) y (mm) 

26.5, 30, 35, 40, 45, 50, 

55, 60, 65, 70, and 75 

-25, -20, -15, -10, -5, 0, 5, 

10, 15, 20, and 25 

0 

 

 

4.2 Field Integral Measurements 

4.2.1 The flipping coil system installation  

The field integral is the integrated field throughout the longitudinal 

undulator length. Field integrals were measured by the flipping coil. The system is 

shown in the Figure 4.4a. The Leica NAK2 automatic level was used to align the 

system. The systems were aligned with respect to the U60 undulator, shown in Figure 

4.4b.  
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(a) 

 

 

 

 

 

 

 

 

 

 

(b) 

Figure 4.4 The flipping coil for the field integral measurement: (a) the components 

of the flipping coil to obtain the signal and (b) photograph of the real 

device. 
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The system for the field integral measurement in Figure 4.4a is 

composed of  

1) The long coils make from 20 turns of copper wire with 0.7 mμ  

diameter, 5 mm width and 3.150 meters in length. It is held by the two 

coil support fixed on the rotator stages, demonstrated in Figure 4.5. 

The rotator plates were fixed on the x-y-z stages on both sides (see 

Figure 4.4b). One of the z stage is movable to stretch the coil. And the 

two pair of x and y stages are employed to move the coil in the 

horizontal and vertical axis. 

 

 

 

 

 

 

 

 

 

Figure 4.5 The drawing of the coil support structure, fixed on the rotator plate. 

 

2) The controller was designed to store the program to control speed, 

direction and rotating magnitude (in the degree unit) of two-stepping 

motor. 

 

rotator plate 

coil support 
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3) The low pass signal filter was designed to eliminate the signal 

component with frequency higher than 5 Hz. It is successful for the 

elimination of high frequency noise in the measurements. The filter 

circuit is shown in Figure 4.6. The cut off frequency is defined as 

(Jacob, 1982): 

 2

1 2 1 2

1
o R R C C

ω =  (4.1) 

where 5 Hzoω = , 1 2 10 kR R= = Ω , 1 4.7 FC μ=  and  2 2.2 FC μ= . In 

Figure 4.6, inV is the signal from the flipping coil in the U60 undulator 

field and outV  is the filtered signal. 

 

 

 

 

 

 

 

 

 

Figure 4.6 Schematic of Butterworth low pass Filters. 

 

4) The HP3458A digital voltmeter is employed to read the voltage signal 

while the coil is flipped. It stores the signal data temporarily before 

1 4.7 FC μ=  

2 2.2 FC μ=  

           1 10 kR = Ω  2 10 kR = Ω  

inV  
 outV   

5 V+  

5V−  
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readout by the computer for the later processing. It is connected to the 

PC using an IEEE-488 (GPIB) card. 

5) Matlab programming software was developed to control the systems. 

Figure 4.4a depicts the controlling of the software. It was designed for 

instruction of the controllers to control the motors, data acquisition 

from voltmeter and data analyses. The program therefore consists of 

the command to instruct the rotation motor to flip the coil, and at the 

same time starts reading voltage signal from the digital voltmeter. It 

then reads out the signal data from voltmeter memory to the PC. The 

user interface window consists of the panel of the obtained signal, 

integrated data, background and fourier transform of the signal data. In 

the Figure 4.7 illustrates the user interface panel for this work. 

 

 

Figure 4.7 User interface panel for flipping coil measurement code. 
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4.2.2 First Field Integral Measurements 

To measure the first field integral, the coil is configured to square 

shape, illustrated in the Figure 4.8. The first field integrals consist of two components 

which are horizontal and vertical components. 

 

 

 

 

 

 

(a) 

 

 

 

(b) 

 

 

 

(c) 

Figure 4.8 Side view of the measurement of the horizontal first field integral: (a) 

the starting of measurement ˆ ˆn x= , (b) after clockwise flip by 180  

ˆ ˆn x= −  and (c) after clockwise flip to 360 , ˆ ˆn x= . 
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The horizontal first field integral is illustrated in Figure 4.8. The signal 

voltage is obtained by flipping the coil for every 180  of angle. One flipping therefore 

obtains two values. The measurement is started with unit vector of the coil plane 

being in the direction of x̂+  (see Figure 4.8a). The coil was then clockwise flipped to 

180  (Figure 4.8b). The signal was simultaneously saved and integrated. Next, the 

coil was clockwise flipped to 360  (see Figure 4.8c), and the second signal data was 

obtained. The flipping was then reversed and another two integrated signal were 

obtained. 

The vertical first field integral is illustrated in Figure 4.9. The signal 

voltage is obtained similar to that of horizontal component. The measurement is 

started with unit vector of the coil plane being in the direction of ŷ+  (see Figure 

4.9b). 

The theory of the measurements is explained in details in chapter II. 
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(c) 

Figure 4.9 Side view of the measurement of the vertical first field integral: (a) the 

starting of measurement ˆ ˆn y= , (b) after clockwise flip by 1800 ˆ ˆn y= −  

and (c) after clockwise flip to 3600 ˆ ˆn y= . 
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4.2.3 Second Field Integral Measurements 

The process to obtain the second field integral is similar with that of 

the first field integral. However, the configuration of the coil was changed. The coil 

configuration was changed from square configuration (Figure 4.8) to 8-shape 

configuration, illustrated in Figure 4.10. This can be done using the command in the 

user interface panel, shown in Figure 4.7. Then the horizontal and vertical field 

integrals were obtained by using the process in Figure 4.8 and 4.9, respectively. The 

theory of the measurements is also explained in details in chapter II. 

 

 

 

 

 

Figure 4.10 Schematic of coil configuration for second field integral measurement. 

 

4.3 The Results of the Field Measurements 

4.3.1 Field Distribution Measurements 

The distribution of U60 undulator magnetic fields were measured by 

the Hall probe scanning. The magnetic fields at the various gaps and horizontal 

positions, shown in Table 4.1, were characterized. For example, the on-axis field at 

the undulator gap of 26. 5 mm is shown in the Figure 4.11. The figure shows that the 

magnetic field is a sinusoidal shape with nearly constant amplitudes. Because the 

limit of the Hall probe bench length, the Hall probe can not scan the entire undulator 

upper magnet blocks

lower magnet blocks
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field. Clearly, at both edges of the device magnetic fields still exist. These results can 

be seen in Figure 4.11 and clearly for the magnified picture in Figure 4.12. The 

disappeared fields will result in the prediction of the involve parameters such as the 

angle and position of an electron. However, these disappeared fields can be generated 

by using a technique of exponential least square fit. The fittings are illustrated in 

Figure 4.13. The equation for fitting is  

 0( ) zB z A e λ−= , (4.2) 

where 0A  and λ  are constant from the fitting. The fitting are started at the 

exponential decreasing position of the field, near the first or last magnetic pole. 

Finally, the undulator fields with zero at both edges are obtained, shown in Figure 

4.13.  

The undulator magnetic fields show that they consist of the 81 full 

poles. By averaging all these peak magnetic field, the relation between peak magnetic 

fields and undulator gap is obtained, shown in Figure 4.15. The graph shows that it 

exponentially decreases as the undulator gap increase. Later by substituting the 

undulator peak field, 0 ,B  from Figure 4.15 into the equation 

 93.4 [T] [m],o uK B λ=  

where uλ  is an undulator periods length, the wiggler strength as function of the 

undulator gap is obtained, shown in Figure 4.16. These fields will be used to analyze 

the imperfection of the device including the effect on the electron in the storage ring. 

Figure 4.17 shows the peak field as function of the horizontal position, x . The figures 

show that the field is constant near the undulate axis, 5x ≤ . At the minimum gap of 
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26.5 mm, the peak magnetic fields roll-off 0.045% and 0.019% at  -5 mmx =  and 

 +5 mmx = , respectively, that within the specification ( 0.1% ).  
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Figure 4.11 Undulator magnetic field at the gap of 26.5 mm. 
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Figure 4.12 Undulator magnetic field at both edges of the undulator: (a) at the 

entrance, (b) at the exit of the device. 
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(b) 

Figure 4.13 Undulator magnetic field at the both edges of the undulator (Δ) 

including the field obtained from exponential fitting (-): (a) at the 

entrance (b) at the exit of the device. The equations, shown in the 

graphs, are fitting equation. 

0.0353( ) .0089 zB z e−=  

0.0377( ) .0012 )zB z e−=  
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Figure 4.14 Undulator magnetic fields at the gap of (a) 26.5, (b) 40 and (c) 65 mm. 
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Figure 4.15 Peak magnetic field as a function of undulator gap. The error bars are 

statistical errors. 
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Figure 4.16 Wiggler strength as function of undulator gap. 
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Figure 4.17 Peak field as a function of horizontal position, x , at the undulator gap of 

(a) 26.5, (b) 40 and (c) 65 mm. 
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Figure 4.18 Photon energy as a function of undulator gap. 

 

4.3.2 Integrated U60 Undulator Magnetic Field Measurements 

Integrated U60 undulator fields were obtained by the flipping coil, 

developed at the SPL. The theoretical details were mentioned in the previous section. 

In this section the examples of the measured results, the first field integral and then 

second field integral, will be shown. 

For the first field integral, examples of the signals from flipping the 

coils in the undulator magnetic field region are shown in Figure 4.19-4.20. Figure 

4.19 is the signals of the vertical field whereas the signals of the horizontal field are 

shown in Figure 4.20. By measuring at various horizontal positions, x , and then 

numerically integrating these signals, the integrated field were obtained in Figure 

4.21-4.23. Later by making the multipole fits, the multipole components were 

obtained. These multipole fits are also shown in the Figure 4.21-4.23. And the 

1  harmonicst  

7  harmonicth  

3  harmonicrd  

5  harmonicth  
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multipole field components of gap 26.5, 40 and 65 are respectively presented in Table 

4.2, 4.3 and 4.4. Finally, the dipole, quadrupole, sextupole and octupole components 

as a function of undulator gap can be summarized in Figure 4.24a, 4.24b, 4.24c and 

4.24d, respectively. 

For the second field integral, the obtained signals are shown in the 

Figure 4.25-4.26, measured at the undulator gap of 26.5 mm. Figure 4.25 is the signal 

due to the vertical magnetic field, whereas Figure 4.26 is the signal due to the 

horizontal magnetic field. The second field integrals are only measured at the 

undulator axis, 0x = . Similarly, by integrating the obtained signal in each undulator 

gap the second field integrals are obtained. These results are shown in Figure 4.27. 

Figure 4.27a is the vertical second field integral. Figure 4.27b is the horizontal second 

field integral.  

Now the distribution of magnetic fields and the field integrals of the 

U60 undulator are obtained. Next chapter these results will be used to analyze the 

effects of the U60 undulator on the electron beam. The distribution fields are used to 

calculate the electron trajectory and tune shift. The mulltipole components, obtained 

from field integral, will be used to analyze the effects of each component on the 

electron beam. 
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(a) 

 

 

 

 

 

 

 

 

 

(b) 

Figure 4.19 Integrated signal of the horizontal field of gap 26.5 mm at 0x = : (a) flip 

from 0  to 180  and (b) flip from 180  to 360 . 
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(b) 

Figure 4.20 Integrated signal of horizontal field of gap 26.5 mm at 0x = : (a) flip 

from 90  to 270  and (b) flip from 270  to 450 . 
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(b) 

Figure 4.21 First field integrals as a function of horizontal position at the gap of 26.5 

mm: (a) vertical component and (b) horizontal component. Lines are 

multipole fits. 
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(b) 

Figure 4.22 First field integrals as a function of horizontal position at 40 mm: (a) 

horizontal component and (b) vertical component. Lines are multipole 

fits. 



 

95

-30

-20

-10

0

10

20

30

-30 -20 -10 0 10 20 30

x (mm)

I x
 (T

-u
m

)

0

20

40

60

80

100

120

-30 -20 -10 0 10 20 30

x (mm)

I y
 (T

-u
m

)
 

 

 

 

 

 

 

 

 

 

(a) 

 

 

 

 

 

 

 

 

 

(b) 

Figure 4.23 First field integrals as a function of horizontal position at 65 mm: (a) 

vertical component and (b) horizontal component. Lines are multipole 

fits. 
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Table 4.2 Multipole field components at gap of 26.5 mm. 

First Field Integral Multipole Field 

Components vertical horizontal 
Dimension 

dipole 41.11 10−×  69.60 10−− ×  T m−  

quadrupole 42.23 10−− ×  42.77 10−×  T  

sextupole 12.18 10−− ×  22.04 10−− ×  1T m−−  

octupole 16.4  9.37−  2T m−−  

 

 

Table 4.3 Multipole field components at gap of 40 mm. 

First Field Integral Multipole Field 

Components vertical horizontal 
Dimension 

dipole 41.11 10−×  51.00 10−− ×  T m−  

quadrupole 44.45 10−− ×  41.09 10−×  T  

sextupole 26.33 10−×  11.17 10−×  1T m−−  

octupole 11.7  17.5−  2T m−−  

 

 

Table 4.4 Multipole field components at gap of 65 mm. 

First Field Integral Multipole Field 

Components vertical horizontal 
Dimension 

dipole 41.06 10−×  67.04 10−− ×  T-m  

quadrupole 42.91 10−− ×  41.17 10−×  T  

sextupole 29.09 10−×  29.67 10−− ×  1T m−−  

octupole 10.4  4.59−  2T m−−  

 

 

 



 

97

-2.00E-04
-1.60E-04
-1.20E-04
-8.00E-05
-4.00E-05
0.00E+00
4.00E-05
8.00E-05
1.20E-04
1.60E-04
2.00E-04

20 40 60 80 100 120 140 160

gap (mm)

di
po

le
 c

om
po

ne
nt

 (T
-m

)

-0.004

-0.003

-0.002

-0.001

0

0.001

0.002

0.003

0.004

20 30 40 50 60 70 80 90 100 110 120 130 140 150 160

gap (mm)

qu
ad

ru
po

le
 c

om
po

ne
nt

 (T
)

 

 

 

 

 

 

 

 

 

(a) 

 

 

 

 

 

 

 

 

 

(b) 

Figure 4.24 Field components as a function of gap: (a) dipole (b) quadrupole (c)   

             sextupole and (d) octupole component. 
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(d) 

Figure 4.24 (continued) Field components as a function of gap: (a) dipole (b) 

quadrupole (c) sextupole and (d) octupole component. 
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(a) 

 

 

 

 

 

 

 

 

 

(b) 

Figure 4.25 Measured signal of the second vertical field integral as function of time: 

(a) flip from 0  to 180  (b) flip from 180  to 360 . 
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(b) 

Figure 4.26 Measured signal of the second horizontal field integral: (a) flip from 90  

to 270  (b) flip from 270  to 450 . 
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(b) 

Figure 4.27 Second field integral as function of gap: (a) vertical and (b) horizontal 

component. 

 



CHAPTER V 

ANALYSES OF MAGNETIC FIELD MEASUREMENT 

RESULTS 

 

This chapter presents analyses of the magnetic field measurement results. The 

measured magnetic fields are used to analyze the effects of the U60 undulator on the 

electron trajectory, phase error, closed orbit distortion, betatron tune and betatron 

function. The multipole components are evaluated in order to investigate higher order 

perturbation on the electron beam. 

5.1 Electron Trajectory inside the U60 

As an electron moving through the U60 undulator field, it is forced to move 

with the sinusoidal-like trajectory. The electron motion is explained by the Lorentz 

force equation, presented in Equation (2.3): 

 
2

2 ( )o
d rm q v B
dt

γ = × . 

For the vertical magnetic field ( )yB z , by making the integration along the 

longitudinal coordinate we obtain the horizontal electron angle,  

 0.3( ) ( ).
[ ] yx z I z

E GeV
′ = , (5.1) 

where ( )yI z  is the vertical first field integral, given by  



 

103

 
0

( ) ( )
z z

y y
z

I z B z dz
′=

′=

′ ′= ∫ , (5.2) 

where yB  is the vertical component of the magnetic field B . By substituting the 

measured vertical magnetic field of the U60 and making the numerical integration we 

obtain the electron angle. The results for the 26.5 and 40 mm gap are shown in Figure 

5.1. The results show that the electron beam exits the undulator with a finite angle, 

depending on the undulator gap. The maximum angle is 0.197 mrad at the undulator 

gap of 26.5 mm. 

 By making the integration of the electron angle in Equation (5.1), we can 

calculate the electron trajectory by  

 0.3( ) ( ).
[ ] yx z II z

E GeV
= , (5.3) 

where ( )yII z  is the vertical second field integral given by 

 
0 0

( ) ( )
z z z z

y y
z z

II z B z dz dz
′ ′′ ′= =

′ ′′= =

′′ ′′ ′= ∫ ∫  (5.4) 

By using the Equations (5.3) and (5.4) and then making numerical integration, we can 

then obtain the transverse position of the electron. The results are shown in Figure 

5.2. The figure consists of the results that are calculated from the field obtained at the 

gap of 26.5, 40, 65 and 75 mm. The graphs show that the electron is gradually kicked 

out from the ideal orbit. The results also show that at the exit of the device the 

electron transverse position are not zero. The maximum position is 324.14 mμ  at the 

gap of 26.5 mm. 
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By using the relation in Equation (5.4), we can calculate the second field 

integral. The results, shown in Figure 5.3, indicate the existence of the quadratic 

components of the trajectory. Performing polynomial fitting up to the quadratic term,  

 2 2[T mm ]yII a bz cz− = + + , (5.5) 

where ,a  b  and c  are the fitted coefficients, we obtain the quadratic coefficient c  in 

the unit of T . The polynomial fits are also illustrated in Figure 5.3. The obtained 

quadratic coefficients at the various gaps are shown in Figure 5.4. Subtracting the 

quadratic term the trajectory can be brought back to undulator axis, as illustrated in 

Figure 5.5 for the 26.5 mm gap. This quadratic term of the trajectory is related to a 

constant magnetic field in the undulator. This implies that compensating this constant 

field the electron will be pulled back to the axis. The quadratic component elimination 

can be practically done by using the dipole field. The fields are produced by the long 

square coil. More details will be discussed in the next chapter. After the quadratic 

correction the electron, however, still exits the undulator with a non-zero transverse 

position. This orbit deviation for trajectory and angle can be corrected by steering 

magnets discussed in the next chapter. 
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Figure 5.1 Electron angles at 26.5 and 40 mm gap. 
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Figure 5.2 Electron trajectories at 26.5, 40, 65 and 70 mm gap. 
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Figure 5.3 Polynomial fits to the second field integrals. 
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Figure 5.4 The quadratic coefficients of the second field integral at various 

gaps. 
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Figure 5.5 Result of eliminating the quadratic component from the second 

field integral at the gap of 26.5 mm. 

 

5.2 Phase Error 

The U60 undulator was designed to have 60 mm period length. However, the 

real device period lengths are slightly different for each magnetic period. Therefore, 

an electron is forced to move through the device with different distances in each 

period. The distance in each period subtracted by the average of all periods is the 

parameter called “phase error”. The phase error can be calculated by using the relation 

(2.50):  

 real avgδ δ δΔ = − , (5.6) 

where realδ  is defined in (2.49): 

 
0

2
0

2

( )2( ) [ ]
2 2

fz z
f

real
z z

z z xz dzπδ
λ γ

=

=

− ′
= + ∫ . (5.7) 

substraction 

polynomial fit 

( )yII z  
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Calculated phase error at the various gaps as a function of pole numbers are shown in 

the Figure 5.6. The rms phase error as a function of the undulator gap is shown in the 

Figure 5.7. The standard deviation is 1.02 degree± . The figure shows that the rms 

phase errors are higher at wider gaps. The effects then result in the obtained quality of 

the radiation.  
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Figure 5.6 The phase errors as function of a pole number. 
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Figure 5.7 The rms phase error as function of the undulator gap. The error 

bars are statistical errors. 

 

The quality of the radiations can now be predicted from the rms phase errors. 

The radiation intensity due to the rms phase errors can be calculated, defined in 

(2.51):  

 
2( )k

real idealI I e φσ−=  (5.8) 

where idealI  and realI  are, respectively, photon flux intensity of ideal and real 

devices, φσ is the rms phase error and k  is a harmonic number. The percentage of the 

obtained flux intensities as function of gap at the 1 ,3 ,5st rd th  and 7th  harmonics are 

shown in Figure 5.8. We obtain the flux intensity higher than 80 % of the ideal case at 

the harmonic of 1 ,3st rd  and 5th . Figure 5.9 shows the percentage of the flux intensities 

at the gap of 26.5, 40, 65 and 70 mm for the of 1 ,3 ,5st rd th  and 7th harmonics.  
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Figure 5.8 The relative flux intensities of the U60 undulator radiation as 

function of the gap for various harmonics. 
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Figure 5.9 The percentage of the obtained flux intensities of undulator 

radiation as function of harmonic number. 
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These results confirm that as far as the phase errors are concerned, the quality of 

this device is quite good at gaps of 26.5 to 70 mm, which will give us the photon 

energy covering 40-1000 eV. 

 

5.3 Effects on Closed Orbit Distortion 

While an electron moves inside the undulator, it is acted on by the undulator 

field. Magnetic field errors cause it to move out of the device with the deviated angle 

and transverse position respect to the point entering the undulator. By assigning upper 

limit of the integration z L′ = , the undulator’s magnetic length, in the Equations (5.1) 

and (5.3), the deviated angles and transverse positions of the electron at the exit of the 

undulator can be evaluated. These are, respectively, 

 ( )x x z L′ ′ ′Δ = =  (5.9) 

and 

 ( ).x x z LΔ = =  (5.10) 

The deviated angles and transverse positions of the electron at the exit of the 

undulator, measured by flipping coil, are respectively illustrated in Figures 5.10 and 

5.11.  

By considering the deviated angle in Figure 5.10, the horizontal component is 

quite constant for all gaps. The averaged value and the standard deviation are 

respectively 0.026 mrad  and -49.43 10×  mrad . 

The orbit displacements of an electron after passing the undulator are shown in 

Figure 5.11. The average of horizontal displacement and the standard deviation are 

respectively found to be 41.91 mμ  and 3.82 mμ . For the vertical component, the 
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average displacement and the standard deviation are -14.64 mμ  and 5.42 mμ , 

respectively. 
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Figure 5.10  Deviated angle of an electron at the exit of the undulator as 

function of gap. 
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Figure 5.11 Off-axis position of an electron at the exit of the undulator. 
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From the deviated electron angle at the exit of the undulator, we get the closed 

orbit distortion (COD) in the BPM numbered j  

 cos( ),
2sin

i j
i j

θ β β
μ μ νπ

πν
Δ = − −  (5.11) 

where θ  is the kicked electron angle, μ  is the phase advance and ν  is the betatron 

tune. Subscript i  and j  indicate the positions at the exit of an undulator and BPMs. 

The horizontal and vertical COD are, respectively, shown in Figures 5.12 and 5.13. 

The experimental predictions are compared with the COD measurements, shown in 

Figure 5.14. However, the BPMs are calibrating because there is more noise. 

 

 

 

 

 

 

 

 

 



 

114

-300

-200

-100

0

100

200

300

0 2 4 6 8 10 12 14 16 18 20

BPM no.

de
lta

 x
 (u

m
)

 
Figure 5.12 Predicted horizontal COD as function of a BPM number. 
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Figure 5.13 Predicted vertical COD as function of a BPM number. 
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(b) 

Figure 5.14 Comparison between the experimental prediction and COD 

measurement: (a) horizontal COD and (b) vertical COD. 
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5.3.1 Effects on the Betatron Tunes and Betatron Function 

The U60 undulator was inserted in the straight section located between 

the QF12 and QF13. This is illustrated in Figure 5.15. Insertion of the undulator into 

the storage ring causes the betatron tune shifts. The betatron tune shifts are calculated 

using Matlab programming with accelerator toolbox (AT) (Terebilo, 2001). The 

undulator magnet model is constructed as the series of hard edge dipoles, using the 

measured peak field. The dipole model representing the undulator magnet blocks is a 

rectangular dipole, shown in Figure 5.16. A transfer matrix of the rectangular magnet 

is given by  

 
1 0 cos sin 1 0

tan( ) 1 tan1 sin cos 1rectM
θ ρ θ

δ δθ θ
ρ ρ ρ

⎛ ⎞⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎜ ⎟−⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠

. (5.12) 

For 1,θ <<  
2
θδ = , where h

h

lθ
ρ

= , hl  is an effective length and hρ  is a radius of 

curvature. The hl  and hρ  are respectively defined for a hard-edge model magnet as 

(Wiedemann, 1995) 

 2

2
h ul λ

π
= , (5.13) 

 4
h oρ ρ

π
= , (5.14) 

where 0
0

[GeV]
0.299 [T]

E
B

ρ = is the radius of curvature related to the undulator peak field 

and uλ  is a periods length. By modeling all peaks of undulator magnetic field and 

later substituting them into AT, the tune shifts are finally obtained. The calculated 

tunes shifts are shown in Figure 5.17. The graph shows that they are exponentially 
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decreased as a function of gap. The maximum vertical tune shift produced at the gap 

of 26.5 mm is 0.0038, while the horizontal tune shift is negligibly small. 

The tunes shift can also be calculated by a linear perturbation method 

(Rugmai, 2005; Walker, 1995). By evaluating the focusing strength of the undulator 

in Equation (2.3) 

 
2

2

0

0.3 1 ( ) ,
( )

L

y yK B z dz
E GeV L

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

∫  (5.15) 

and phase advance in Eq. (2.64) 

 1
,

1cos ( ( )),
2y C F effTr M Mμ −=  (5.16) 

the tunes shift can be eventually calculated by  

 
2

u y
y

μ μ
ν

π
−

Δ = , (5.17) 

where CM  is the one turn matrix without an undulator : 
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,
sin cos sin

y y y y y
C

y y y y y

M
μ α μ β μ
γ μ μ α μ
+⎛ ⎞

= ⎜ ⎟− −⎝ ⎠
 

,F effM  is defined by (Bassetti, Cattoni, Luccio, Preger and Tazzari,1977) 

 ,

1cos sin1 1
,2 2

0 1 0 1sin cos

y y
yF eff

y y y

L LK L K L
KM

K K L K L

⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟− −⎜ ⎟ ⎜ ⎟= ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠−⎝ ⎠

 

and ,C F effM M  is therefore the one turn matrix in presence of the undulator given by 

 ,

cos sin sin
.

sin cos sin
u y u u u

C F eff
u u u u u

M M
μ α μ β μ
γ μ μ α μ
+⎛ ⎞

= ⎜ ⎟− −⎝ ⎠
 (5.18) 

The calculated results are also shown in Figure 5.17. The analytical calculation gives 

larger vertical tune shift, with the value of 0.0064 at the minimum gap.  
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Tunes shifts in Figure 5.17 are only produced from the intrinsic focusing of 

the undulator magnet. However, the tune shifts are also produced from undulator field 

errors. Effects from the field error alone can be evaluated by performing polynomial 

fits on the measured field integrals along the horizontal position. The multipole 

expansion of the field integral are obtained by  

 '' 2
,

0

1( ) ( ) ( ) ( ) ....
2

L

i i o i i i
z

I x B z dz B L B L x B L x
′=

′ ′= = + + +∫ , 

or 

 2( ) ....iI x a bx cx= + + +  (5.19) 

where L  is the length of the long coil, , , ,o i ia B L b B L′= =  and 
''

2
iB Lc = are the dipole, 

quadrupole and sextupole components, respectively. Subscript i  is a component x  or 

y . The quadrupole strength is therefore given by  

 2[m ]

b
Lk

Bρ
−Δ =  (5.20) 

The obtained quadrupole components are shown in Figure 5.18. By using Equation 

(5.20), the qudrupole strength can be calculated. The results are shown in Figure 5.19. 

By substituting quadruple strength in the undulator matrix ,F effM  and using Equations 

(5.16)-(5.18), the tune shift due to the quadrupole component can be calculated. The 

vertical strength gives the vertical tune shift and the horizontal strength gives the 

horizontal tune shift. The results are shown in Figure 5.20. The graph shows that the 

tunes shift due to the undulator field errors are small. 

Tune shifts calculated by AT are approximated by using the peak of 

magnetic field in each magnetic field pole, whereas tune shifts obtained by using 
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analytic calculation are straightforwardly calculated from all points of the measured 

field. Therefore, the tune shifts obtained from analytical calculation, are reasonable 

choice for obtaining the compensation scheme. The tune shifts due to field error from 

multipole fit is also used to obtain the compensation scheme. Therefore, the 

summation of vertical tune shifts due to intrinsic field using the analytical calculation 

and field error, shown in Figure 5.21, will be used to obtain the compensation scheme. 

The result shows that at the undulator gap of 26.5 mm the tune shift is 0.0066. The 

result from experiment at the same gap is 0.0065, shown in Figure 5.22. 

The theoretical betatron functions calculated before and after the 

inserting the U60 undulator in the SPS storage ring are illustrated in Figures 5.23 a. 

and 5.23b. The graph in Figure 5.23b is the result at the gap of 26.5 mm. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.15 The location of the U60 in the SLRI storage ring. 
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Figure 5.16 Rectangular dipole model. 
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Figure 5.17 The tunes shift as function of the undulator gap. 
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Figure 5.18 The quadrupole component as of function of the undulator gap. 
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Figure 5.19 The quadrupole strength as function of the undulator gap. 
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Figure 5.20 The tunes shift due to the undulator field error. 
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Figure 5.21 The vertical tune shift due to the U60 undulator that is summation 

of intrinsic field and field error. 
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Figure 5.22 The tunes shift from the measurement when (a) close the undulator 

gap of 26.5 mm and (b) open the undulator gap, marked by the 

ellipticities. The device shifts the vertical betatron tune by 0.0064. 

(b) 
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Figure 5.23 The betatron function of (a) without undulator (b) with the 

undulator at gap of 26.5 mm. The thin lines are xβ  and thick lines 

are yβ . 
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5.4 Higher Order perturbations 

From the polynomial fits in Equation 5.22, the sextupole components can be 

calculated from 
''

2
iB Lc =  and shown in Figure 5.24. The largest horizontal sextupole 

component is found to be 0.38 T
m

 at the undulator gap of 50 mm. The largest vertical 

sextupole component is 0.25 T
m

, found at the gap of 35 mm. These sextupole 

components give the sextupole strength through 

 3[m ]sex

c
Lk

Bρ
− =  (5.21) 

The obtained sextupole strengths are shown in Figure 5.25.  

To obtain the effects on the chromaticity, two special sextupoles are 

constructed at the both ends of the undulator. Strengths of the special sextupoles are 

obtained by equating the integrated strength to that of the undulator. The strength of 

each special sextupole can then be found from 

 
2
sex und

sp
sp

k lk
l

= , (5.22) 

where spl  is special sextupole length, 0.01 m , undl  is the U60 undulator length of 

2.5 m  and sexk  is undulator sextupole strength obtained from Equation (5.21). The 

changes of the horizontal chromaticity are obtained by using the horizontal sextupole 

strengths and the changes of the vertical chromaticity are obtained by using the 

vertical sextupole strengths. The results are shown in Figure 5.26.  
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Figure 5.24 The sextupole component as function of the undulator gap. 
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Figure 5.25 The sextupole strength as function of the undulator gap. 
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Figure 5.26 Chromaticity due to undulator field error as function of the 

undulator gap. 

 

The maximum horizontal chromaticity produced at the gap of 50 mm is 0.065 

while the vertical chromaticity produced also at the gap of 140 mm is -0.04. These are 

quite small compared with natural chromaticities. 

The next chapter will discuss the compensation method for obtaining the 

maximum performance on the photon flux and decreasing the effects on the electron 

beam. 

Δ  horizontal component  

◊  vertical component 



CHAPTER VI 

COMPENSATION OF FIELD ERRORS 

 

This chapter discusses the methods to compensate the effects from the previous 

chapter. These are divided four parts, i.e. the correction of the electron trajectory, the 

compensation of orbit distortion, the compensation of the tune shift and the 

chromaticity correction. 

6.1 Correction of Trajectory 

Moving through the undulator, the electron is gradually kicked out from the 

undulator axis. To correct the trajectory, the second field integrals calculated from the 

measured magnetic field, are considered. The quadratic component of the second field 

integral are evaluated by making the polynomial fits as discussed in the previous 

chapter. Compensation of the related constant magnetic field component can be 

achieved by using a long coil. 

The long coil field is simulated from two-turns rectangular coils, using a 

square-shape wire with 22.8 5.0 mm× cross-section wounded to have a coil of 

2160 2520 mm×  size. The geometries of the coil are shown in Figure 6.1. The coil is 

assumed to be installed immediately above the undulator vacuum chamber. The 
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distance of 12.5 mm below the coil which is the vertical center of the undulator, is the 

position of the evaluated field. The simulation is done by Radia code (Chubar, 

Elleaume, and Chavanne, 1998) executed in Mathematica version 5.2. The second 

field integral is then calculated from the obtained field. The quadratic component of 

the second field integral is then evaluated by fitting the polynomial. By varying the 

current in the simulation, the various fields and various quadratic components of the 

second field integral are obtained. 

 The long coil having the same configuration as the simulated one was 

constructed. The coil fields are measured by Hall probe scan, illustrated in Figure 6.2. 

The applied currents to obtain the required field are obtained from the simulation. 

Examples of the simulated and measured fields are shown in the Figure 6.3a. 
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(a) 

 

 

(b) 

Figure. 6.1 The geometry of the two-turn rectangular coil, (a) top view and (b) 

side view. The dash line is the position of the evaluated field. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure. 6.2 The rectangular coil field measurement by Hall probe scan. 
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ŷ

x̂  



 

131

-3

-2

-1

0

1

2

3

-2000 -1500 -1000 -500 0 500 1000 1500 2000

z (mm)

B
 (G

)

(a) 

-1800

-1600

-1400

-1200

-1000

-800

-600

-400

-200

0

-2000 -1000 0 1000 2000 3000 4000

z (mm)

II
y (

T-
m

m
2 )

 

(b) 

Figure. 6.3 (a) Examples of the long coil field and (b) the second field integral 

calculated from the measured field at various applied currents. 
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By using the measured field, the second field integrals are then calculated. The 

examples of the obtained results are shown in the Figure 6.3b. By fitting the 

polynomial up to quadratic term of these second field integrals, the various quadratic 

components are then obtained. The results are shown in the Figure 6.4. The graphs are 

also compared with the quadratic components that calculated from the theoretical 

field. The relations in this graph will be used to correct the electron trajectory. 
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Figure. 6.4 The relation between the quadratic component and the applied 

current. The dashed line and thin line are respectively obtained 

from the polynomial fits of the second field integral of the 

calculated and measured fields. 

 

The electron trajectory compensation will be illustrated. For the actual operation the 

undulator gap must be opened and closed to obtain the required photon energy. 

using the measured field 

using the simulated field 
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According to Figure 6.5, the quadratic component can be then evaluated. By using the 

relation in Figure 6.5 and 6.4, the relation between the applied current and the 

undulator gap are therefore obtained, shown in Table 6.1 and Figure 6.6.  

 

 

 

 

 

 

 

 

 

 

Figure. 6.5 The relation between quadratic component as function of the 

undulator gap. 
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Table 6.1  The relation between undulator gap and compensated current for 

correcting the electron trajectory. 

Gap (mm) Compensated Current (A) 

26.5 -44.7067 

30 -39.2598 

35 -31.1516 

40 -19.9254 

45 -24.6618 

50 -6.5675 

55 -5.1067 

60 -9.3900 

65 -17.5439 

70 -7.8543 
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Figure. 6.6 The relation between compensated current and undulator gap for 

correcting of an electron trajectory.  

 

The graph in Figure 6.6 is used for correcting the electron trajectory. While 

the gap is opened by users, the electron trajectory must be compensated to improve 

the photon intensity. This can be done by applying the correlated current to the long 

coil.  

Our next section is how to compensate the electron’s angle and position at the 

exit of the undulator. 

 

6.2 Compensation of Orbit Distortion 

      We know that the inserting of the U60 undulator will introduce both changes 

in angle and position of the electron beam. The results were already shown in 

previous chapter. The orbit distortions are compensated by means of the corrector 
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magnets located at both ends of the U60 undulator, shown in Figure 6.7. Both the 

corrector magnets C1 and C2 function as a vertical and horizontal corrector magnet. 

 

 

 

(a) 

 

 

 

 

 

 

(b) 

Figure. 6.7 (a) The layout of the corrector magnet (C1, C2) in the U60 

undulator straight section. (b) The layout for the deviated angle 

and position of the electron (top view). 

 

The deviated angle and position of the electron shown in the previous chapter 

are used to evaluate the kick angles required for the correction magnets to compensate 

the orbit. By assuming that an electron moves on ideal orbit into an undulator, after 

that it exits from the device with the deviated angle of x′Δ  and deviated position xΔ , 

illustrated in Figure 6.7b for horizontal component. Also in vertical component, an 

electron moves out from the device with the deviated angle y′Δ and position yΔ . The 

horizontal component will be discussed to illustrate the compensation procedure. 
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Starting with the electron angle 0x′  and position 0x , shown in the Figure 6.7(b), before 

moving into the correction coil that is installed at the entrance of an undulator. When 

this electron later moves out from the first correction coil, it is acted on to deflect with 

angle 1,xθ . After that, it arrives the undulator with the angle of 1x′  and position of 1x . 

The 1x′  and 1x are thus obtained in term of 0x  and 0x ′ by 

 1 0 1, 1. ,xx x Lθ= +   

 1 0 1,xx x θ′ ′= + . (6.1) 

Later, it moves into the undulator of length L . After that, it exits the device with the 

angle x′Δ  and position xΔ . At this point, the angle 2x′  and position 2x  are therefore 

obtained in term of x′Δ  and xΔ  with: 

 2 1 0 1, 1. ,xx x x x L xθ= + Δ = + + Δ   

 2 1 0 1, .xx x x x xθ′ ′ ′ ′ ′= + Δ = + + Δ  (6.2) 

Next, this electron moves to the second corrector coil with the distance 2L . At this 

point, the angle 3x′  and 3x  are obtained with: 

 3 2 2 0 1, 1 2. . . ,xx x x L x L x x Lθ′ ′= + Δ = + + Δ + Δ   

 3 2 0 1, .xx x x xθ′ ′ ′ ′= = + + Δ  (6.3) 

Finally, this electron moves out from the second correction coil with the angle 4x′  and 

position 4x . So, 4x  and 4x′  are respectively obtained with:  

 4 3 0 1, 1 2. . ,xx x x L x x Lθ ′= = + + Δ + Δ   

 4 3 2, 0 1, 2x xx x x xθ θ θ′ ′ ′ ′= + = + + Δ + . (6.4) 
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Because we want the angle 4 0x x′ ′=  and the position 4 0x x= . This means after an 

electron exits the undulator, it should return exactly to its nominal orbit. Therefore, 

the required angle for orbit compensation by the correction coils are  

 2
1,

1

( . ) ,x
x x L

L
θ

′Δ + Δ
= −   

 2, 1,( ),x x xθ θ ′= − + Δ  (6.5) 

where 1,xθ  and 2,xθ  are compensated angle by first and second horizontal correction 

coil, respectively.  

For the horizontal component, by substituting the deviated positions xΔ  and 

deviated angles shown in Figure 5.10 and 5.11, the angle 1,xθ  and 2,xθ  thus can be 

calculated. The results are shown in Figure 6.8. The angle 1,xθ  in Figure6.8a will be 

generated by the horizontal corrector magnet 1C . And the angle 2,xθ  in Figure6.8b 

will be generated by the horizontal corrector magnet 2C . In the part of vertical 

component, the y′Δ  and yΔ  obtained from the flipping coil are used to calculated the 

1,yθ  and 2, yθ . By substituting x′Δ  with y′Δ  and xΔ  with yΔ  in Equation (6.5), the 

angle 1,yθ  and 2, yθ  can be calculated. These results are also shown in the Figure 6.8. 

The angle 1,yθ  will be generated by the vertical corrector magnet 1C . Whereas the 2, yθ  

will be generated by the vertical corrector magnet 2C . The represented angle yθ  is the 

angle must be compensated. The field for correcting is given by 

 , ,

( )
x y y x

P
eB
L

θ= , (6.6) 
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where [GeV]
0.299

P EB
e

ρ= =  is magnetic rigidity and L  is corrector magnet effective 

length. By substituting the obtained xθ  and yθ  in (6.6), the compensated magnetic 

fields by correction magnet are so obtained. Due to the deviated angle and position 

are related with the undulator gap. The compensated fields generated by correction 

magnets as a function of undulator gap are obtained, shown in Figure 6.10. However, 

to obtain these fields, the current must be applied. By using the relation the B - I  

curve, measured by Danfysik Inc., the applied currents are therefore calculated. The 

applied currents for the corrector magnets are shown in Table 6.2, 6.3 and Figure 

6.10. Figure 6.10a shows the applied currents for the corrector magnet C1, and Figure 

6.10b shows the applied currents for the corrector magnet C2.  
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(b) 

Figure. 6.8 Deviated angle must be corrected by (a) corrector magnet C1 and 

(b) corrector magnet C2. 
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(b) 

Figure. 6.9 Compensated magnetic field generated by (a) corrector magnet C1 

and (b) corrector magnet C2. 
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Table 6.2  The relation between undulator gap and applied current for vertical 

correction coil. 

compensated current for vertical correction coil (A) 
gap (mm) 

C1 C2 

26.5 -1.61645839 1.64866174 

30 -0.00095064 0.02119849 

35 -0.52048841 0.520448152 

40 -0.83236095 0.868187176 

45 -0.64977175 0.63596455 

50 -0.48010668 0.494195638 

55 -0.55431274 0.550649602 

60 -0.03282433 0.032059495 

65 -0.27236708 0.281384008 

70 -0.50616279 0.488370433 

75 -0.26035438 0.247996333 

80 -0.80461352 0.774141093 

90 -0.73696487 0.713738193 

100 -0.89821151 0.878607715 

120 0.94383285 -1.021764981 

140 0.62364486 -0.734907457 

160 0.72749369 -0.820641897 
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Table 6.3  The relation between undulator gap and applied current for horizontal 

correction coil. 

compensated current for horizontal correction coil (A) 
gap (mm) 

C1 C2 

26.5 -8.87618491 8.17860785 

30 -8.76003618 8.08174382 

35 -7.36626351 6.75546762 

40 -7.71321161 7.01563454 

45 -6.46434219 5.81497689 

50 -4.84372658 4.26185775 

55 -4.40357855 3.75421325 

60 -4.23517841 3.62438252 

65 -3.95628097 3.30691567 

70 -3.3738585 2.68592379 

75 -2.40388856 1.80273502 

80 -2.5548127 1.88616269 

90 -1.01839411 0.39795587 

100 -1.07646949 0.4463889 

120 -0.23129799 -0.36985555 

140 -0.12379895 -0.4966393 

160 -0.27922353 -0.32193001 
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Figure. 6.10 The applied currents of (a) corrector magnet C1 and (b) corrector 

magnet C2. 
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The graph in Figure 6.10 is used for correcting the electron orbit distortion. 

Figure 6.10a and 6.10b are the applied current for correction coil C1 and C2 magnets, 

respectively. By using undulator gap together with the relation between applied 

currents and undulator gap in Figure 10, the orbit distortion of electron beam can be 

compensated. 

 

6.3 Compensation of Tune Shift 

The compensation of tune shifts will be discussed in this section. The tune 

shifts will be compensated by using two pairs of the quadrupole magnets adjacent to 

the U60 undulator. The quadrupole magnets are the pair of QF12 and QF13 and pair 

of QD22 and QD23, shown in the Figure 6.11. By simulating with AT, the 

compensated quadrupole strengths can be calculated. The results are shown in Figure 

6.12. The results are summation of intrinsic field and field error. These compensated 

quadrupole strengths are strength that must be decreased or increased from the 

original quadrupole strength. The compensated currents corresponding to the 

strengths can be calculated by using the following equation 

 21[A] [Tm] [m ]T[ ]
mA

qI B kg
I

ρ −Δ = × ×Δ
Δ
Δ

, (6.7) 

where qkΔ  is the change of focusing strength of quadrupole magnet, g
I

Δ
Δ

 are 

0.02636807 and -0.02613686 T
mA

 for QF1 and QD2, respectively (Kaewprasert, 
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2006), [GeV]
0.29979
EBρ =  is the magnetic rigidity. The results are shown in Table 6.3 and 

Figure 6.13. The figure consists of the applied current for QF, QFI , and QD, QDI .  

 

 

 

 

 

Figure. 6.11 Position of the U60 undulator in the SPS storage ring. It is located 

between QF12 and QF 13. 
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Figure. 6.12 Compensated quadrupole strength as a function of the undulator 

gap.  
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Table 6.4  The relation between undulator gap and applied current for tune shifts 

compensation. 

Compensated Current (A) 
Gap (mm) 

QF QD 

26.5 -0.3337 -1.18322 

30 -0.27832 -0.98687 

35 -0.22711 -0.8053 

40 -0.16389 -0.58112 

45 -0.128 -0.45389 

50 -0.10494 -0.37213 

55 -0.07587 -0.26904 

60 -0.05691 -0.2018 

65 -0.04436 -0.15732 

70 -0.0349 -0.12377 

75 -0.02682 -0.09513 

80 -0.02165 -0.0768 

90 -0.0123 -0.04365 

120 -0.00425 -0.01511 

140 -0.00463 -0.01644 

160 -0.00124 -0.00443 
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Figure. 6.13 Compensated currents as a function of the undulator gap for 

compensating tune shifts.  

 

The graph in Figure 6.13 is used for compensating tune shift. By using 

undulator gap together with the relation between applied currents and undulator gap in 

Figure 6.13, the tune shift can be therefore compensated. For example of tune shift 

compensation, when the undulator gap is opened by 26.5 mm. At this gap, the 

undulator will shift the vertical and horizontal tune by 0.0064 and 1.5x10-5, 

respectively. From Figure 6.13, the applied currents for compensating so are -0.33 A  

for the pair of QF magnets and -1.18 A  for the pair of QD magnets, respectively. 

Finally, the betatron tunes will be pulled to the original tunes. 

Now, we can compensate the tunes shift by using the pairs of quadrupole 

magnets adjacent to the U60 undulator, i.e. pair focusing quadrupole magnets (QF12 

and QF13) and pair defocusing quadrupole magnets(QD22 and QD23). The tune 

Δ  QFI  

◊ QDI  
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shifts are generated from the intrinsic field and field errors. The last we will discuss 

the chromaticity compensation. 

 

6.4 Correction of Chromaticity  

Above section the betatron tunes shift are compensated. This section the 

compensation of chromaticity will be discussed. The chromaticity perturbed by U60 

undulator was already shown in Figure 5.23. The two families of sextupole magnets 

are required to compensate the chromaticity in both planes. For two sextupole 

magnets families, the focusing sextupoles SF having the strength Fk  located at is  and 

the defocusing sextupoles having the strength Dk  located at js , where 

, 1,2,3,...,8i j = , the chromaticities in both planes are respectively (Dugan, 2002 ) 

 , ,( ) ( ) ( ) ( ) ( ),
4 4

F D
x x natural x undulator x i x i x j x j

k ks s s sξ ξ ξ β η β η
π π

= + + +  (6.8) 

and 

 , ,( ) ( ) ( ) ( ) ( ).
4 4

F D
y y natural y undulator y i y i y j y j

k ks s s sξ ξ ξ β η β η
π π

= + + +  (6.9) 

 

In Eq. (6.15) and (6.16), naturalξ  is the natural chromaticity, undulatorξ  is the chromaticity 

due to the U60 undulator, ( )isβ  is the betatron function located at is  and ( )isη  is the 

dispersion function located at is . To get zero total of chromaticities in Equation (6.10) 

and (6.11), we need to evaluate the sextopole strengths of Fk  and Dk . By substituting 

the undulatorξ  and programming with the AT, the Fk  and Dk  can be evaluated. The 

results are shown in Figure 6.14. Later, the applied sextopole currents will be 
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calculated to obtain the compensated sextupole strength. These calculating can be 

done by using the relation of  

 2* * sexB kI g
I

ρ
Δ = ′Δ

Δ

, (6.10) 

where the slope g
I
′Δ

Δ
 of the focusing sextupole and defocusing are 5.4733 and -5.4885 

2

T
m A

, respectively (Kaewprasert, 2006). The results are shown in Table 6.5 and 

Figure 6.15.  

 

 

 

 

 

 

 

 

 

 

 

Figure. 6.14 The required sextupole strength as function of the undulator gap. 
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Table 6.5  The relation between undulator gap and applied current for 

chromaticities compensation. 

compensated Current (A) 
gap (mm) 

SF SD 

26.5 2.4726 0.92373 

30 2.4685 0.91894 

35 2.4523 0.89988 

40 2.4627 0.91203 

45 2.4742 0.92555 

50 2.4653 0.91511 

55 2.4673 0.91747 

60 2.4758 0.92745 

65 2.4782 0.93033 

70 2.4709 0.92169 

75 2.4751 0.92666 

80 2.4815 0.93431 

90 2.4723 0.92343 

120 2.4629 0.91232 

140 2.4672 0.91734 

160 2.4687 0.91911 
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Figure. 6.15 The compensated current as function of the undulator gap. (a) SF 

and (b) SD magnets. 

 

The graph in Figure 6.15 is used for compensating chromaticity. SFI  and SDI  

are the applied current for SF and SD magnets, respectively. By using undulator gap 

together with the relation between applied currents and undulator gap in Figure 6.15, 

the chromaticity can be therefore compensated. 

Finally, these compensations will restore the electron beam in the SPS storage 

ring to the conditions without the U60 undulator. 

Δ  ISF  ◊  ISD 



CHAPTER VII 

CONCLUSIONS 

 

The following conclusions have been reached during the course of this thesis work. 

 

7.1 Results of the undulator magnetic field and analysis 

By measuring the undulator magnetic field and analysis, we obtained the 

following results. 

• The characterization of U60 undulator magnetic field by Hall probe 

scanning, the magnetic field mapping at various undulator gaps were 

obtained. The obtained magnetic fields are sinusoidal field consisting of 

81 full poles each of approximately 30 mm length. The maximum peak 

magnetic field obtained at the minimum gap of 26.5 mm is 0.55 T. This 

field gives the photon energy at the 1st  harmonic of 39.81 eV . 

• The magnetic fields were used to calculate tune shifts by using AT and 

analytical calculation. The maximum tune shifts obtained at 26.5 mm of 

undulator gap, the first method gives 0.004, whereas the analytical 

calculation gives 0.0066 whereas the experiment gives 0.0065. 

• The magnetic fields were also used to predict the performance of the 

undulator radiation by using the phase error of the magnetic fields. At the 
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• gap of 26.5 mm, the phase error is 2.12 . The predicted photon flux 

intensity is 99.86%, compared with the ideal device. 

• Moreover, the magnetic fields were used to calculate the trajectories and 

angle of electron throughout the undulator. The results show that the 

electron is gradually kicked out from the on-axis throughout the 

undulator. Eventually, it moves out from the undulator with the deviated 

angle and position, compared with the angle and position before moving 

into the device. 

• The field integrals were measured by the flipping coil. The on-axis first 

and second field integrals were obtained. At the gap of 26.5 mm, the 

vertical and horizontal deviated angle are respectively -0.0024 and 0.028 

mrad . The vertical and horizontal deviated positions are respectively 8.81 

and 39.09 mμ . The field integral for 25 mmx ≤  were also measured to 

obtain the multipole components. At the gap of 26.5 mm, we found that 

the horizontal and vertical dipole field at the gap of 26.5 mm are 

respectively 69.6 10−− ×  and 41.11 10−×  Tm . The horizontal and vertical 

quadrupole field are respectively 42.77 10−×  T  and 42.23 10−− ×  T . The 

horizontal and vertical sextupole field are respectively -0.02 and -0.22 T
m

. 

• At the gap of 26.5 mm, we found that the vertical and horizontal tune 

shifts due to field error are respectively 51.61 10−× and 56.77 10−× . 

• At the gap of 26.5 mm, we found that the vertical and horizontal 

chromaticities due to sextupole field error are respectively 0.001 and -

0.036. 
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7.2 Compensation scheme 

The compensation schemes, we found the following results.  

• The electron trajectory will be compensated by dipole field, generated by 

a long coil system. 

• The deviated angle and position of an electron beam at the exit of the 

device will be compensated by means of the correction magnets located at 

both ends of the U60 undulator.  

• Tune shifts due to intrinsic field will compensate by the local quadrupole 

magnets, consisting of the pair of QF12 and QF13 and pair of QD22 and 

QD23. The tune shift, obtained from analytical calculation, will be used 

for compensating. 

• Tune shifts due to magnetic field errors, obtained from the flipping coil, 

will be also compensated by the local quadrupole magnets. 

• Chromaticity due to magnetic field errors will be also compensated by the 

two families sextupole magnets in the ring. 
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Soft x-ray undulator for the Siam Photon Source 

S. Rugmai a,b, T. Dasri b, S. Prawanta a, S. Siriwattanapaitoon a, A. Kwankasem a, 
V. Sooksrimuang a, W. Chachai a, N. Suradet a, N. Juthong a and S. Tancharakorn a 

a  National Synchrotron Research Center, P.O. Box 93, Nakhon Ratchasima,30000,  Thailand.  
b  School of Physics, Suranaree University of Technology, 111 University Avenue, Muang Distrct, Nakhon 

Ratchasima, 30000, Thailand. 

Abstract. An undulator for production of intense soft x-rays has been designed for the Siam Photon Source. The 
construction of the undulator has been completed. It is now being characterized and prepared for installation. The device, 
named U60, is a pure permanent magnet planar undulator, consisting of 41 magnetic periods, with 60 mm period length. 
Utilization of the undulator radiation in the photon energy range of 30 - 900 eV is expected. The design studies of the 
magnetic structure, including investigation of perturbations arising from the magnetic field of the device, their effects on 
the SPS storage ring and compensation schemes are described. A magnetic measurement system has been constructed for 
magnetic characterization of the device. Partial results of magnetic measurements are presented. 

Keywords: Insertion Device, Undulator, Soft X-rays 
PACS: 07.85.Qe 

INTRODUCTION 

The U60 is a permanent magnet planar undulator containing 41 magnetic periods, with 60 mm period length. The 
total length of the undulator was designed to be 2500 mm, which will occupy approximately half the space in one of 
the straight sections. The undulator was constructed by Danfysik , and now being characterized and prepared for 
installation at the Siam Photon Laboratory. The device was designed to generate intense photons for soft x-ray 
beamline.  The magnetic structure was designed to give the minimum photon energy of 28 eV at 1.0 GeV beam 
energy, or 40 eV at 1.2 GeV beam energy. Utilization of up to 900 eV photons from the 7th harmonic, at 1.2 GeV 
beam energy, is expected. The undulator minimum gap was decided to be 26 mm. This will give comfortable space 
of 24 mm for the vertical size of the vacuum chamber. A stainless steel chamber with 2 mm thick will then give 
vertical aperture of 20 mm for the electron beam. 
   

MAGNETIC SIMULATION 
 

In order to obtain the specified minimum photon energy the magnetic designs require the maximum wiggler 
strength of 05.3=K . This corresponds to the peak magnetic field of at least 0.54 Tesla at the undulator minimum 
gap.  In order to determine the size of magnet blocks which gives the required peak magnetic field, we assume the 
rectangular magnet blocks. With this assumption the generated magnetic field can be given analytically [1].  
Minimum width and height of the magnet blocks which give the required undulator peak magnetic field can then be 
determined. A FORTRAN code to simulate undulator magnetic field from arrays of rectangular magnet blocks 
arranged in Halbach configuration, based on the above analytical expressions, was written to carry out the design 
calculations. The code is equipped with an option to include random errors for magnetization direction and 
amplitude of each magnet block. Simulations by the code Radia [2] were also performed and gave similar results.  

NdFeB was chosen for magnet material. Practical remanent field of 1.25 Tesla is assumed in the calculations. 
The magnet block size of around 95 mm in width and 40 in height mm is obtained from the simulations. Apart from 
giving the required peak magnetic field from the undulator, the obtained size also gives small field roll-off of 0.09% 
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at the transverse position of 5±=x  mm. This value is expected to be small enough to ensure negligible effects on 
the electron beam.  

The calculated peak magnetic field as a function of undulator gap is shown in Fig. 1. The 900 eV photon of the 
7th harmonic radiation corresponds to the undulator peak magnetic field of 0.12 Tesla, obtained at the undulator gap 
of 55 mm. The calculation from an analytical expression of gap-dependent undulator field, after Halbach [2] is also 
given for comparison. 

The magnetic field of the undulator is terminated by end magnets. Sophisticated end structures have been 
proposed by various laboratories. SPring-8 adopted the end structure design which includes an additional 
horizontally magnetized block, installed at the distance of half-period from the half-pole end of each magnet array. 
The size of the additional magnet blocks is optimized to shift the electron trajectory to the undulator magnetic center 
[4]. Another similar design has been propose by ESRF. In this design an additional horizontally magnetized block of 
size approximately 3/20 of the period length is added at each end of the magnet arrays. This modification reduces 
the field integral variation with gap by a factor of 4 to 5 [5]. By discussion with the manufacture the ESRF end-
structure design has been chosen for the U60, since the manufacturer is familiar with such design. The total length of 
the constructed device is 2510 mm. 

 

 
FIGURE 1. Calculated undulator peak magnetic field as a function of undulator magnetic gap (thick blue line).  The dotted line 
is from analytical expression of gap dependent undulator peak magnetic field after Halbach [2], given for comparison. 

 
 

U60 SPECTRUM CALCULATIONS 
 

Photon spectra of U60 are calculated by the program SPECTRA [6]. The gap-dependent magnetic field input for 
SPECTRA is simulated by The Fortran code explained above. Magnetization direction and amplitude errors of 2 
degrees and 2%, respectively, for each magnet block are included. The calculated peak brilliance of the undulator 
light is shown in Fig. 2. The calculations are for the operation at 1.2 GeV beam energy with 41 nm-rad emittance. 

 
EFFECTS ON STORAGE RING BEAM DYNAMICS 

 
Effects of U60 on the storage ring beam dynamics are calculated using linear perturbation method [7]. The 

calculated vertical tune shift from effects of the undulator at the minimum gap is 0.011, and the stop band width of 
0.02. The maximum perturbed vertical beta function, yβ , is obtained with 07.0/ =Δ yy ββ .  The perturbations are 
also studied by constructing an undulator comprising series of hard-edge bending magnets at the magnet pole 
positions for input to MAD8 [8]. This hard-edge model is to give equivalent focusing property as the sinusoidal 
magnetic field of the device [9]. Since effects of perturbations are stronger at lower beam energy, the calculations 
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are carried out for 1.0 GeV beam energy operation. For simplicity the calculations are performed by inserting 42 
periods of magnetic structure, in the middle of one of the straight sections of the SPS storage ring. Results from 
MAD give the vertical tune shift of 0.013. The calculated tune shift is significant and has to be compensated. The 
compensations can be done by adjusting the quadrupoles in the storage ring. Detailed studies will be carried out 
when magnetic measurements of the constructed device are completed.   
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FIGURE 2. Calculated peak brilliance of the undulator radiation, up to the 7th harmonic, for the 1.2 GeV beam energy with 41 
nm-rad emittance of the Siam Photon Source. 

 
 

CHARACTERIZATION OF U60 
 
To prepare for installation, U60 is now being characterized. A magnetic measurement bench has been 

constructed for the purpose, and also for general magnetic measurements and future insertion device developments. 
A Hall probe scan system has been completed and a flip coil system for field integral measurements is being 
constructed. The trajectory calculated from measured magnetic field, using the Hall probe scan, at the undulator 
minimum gap is shown in Fig. 3.   
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FIGURE 3. Uncompensated electron trajectory inside the undulator, calculated from the measured magnetic field at the 
minimum gap.  
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CONCLUSIONS 

 
U60, a pure permanent magnet planar undulator, has been designed and constructed for the soft x-ray beamline at 

the Siam Photon Laboratory. The 2.5 m length undulator contains 41 periods, with 60 mm period length. Utilization 
of the undulator radiation in the photon energy range of 40 – 900 eV, for 1.2 GeV beam energy,  is expected. Effects 
of the perturbations to the electron beam are calculated and found significant. The device is now being characterized 
and prepared for installation. A magnetic measurement system is being constructed for magnetic measurements.  
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Abstract

An undulator for production of intense soft X-rays has been constructed for the Siam Photon Source (SPS). The device, named U60, is

being characterized and prepared for installation. It is a pure permanent magnet planar undulator, consisting of 41 magnetic periods,

with 60mm period length. Utilization of the undulator radiation in the photon energy range of 30–900 eV is planned. Magnetic field

mapping of the undulator has been carried out using a Hall probe. The measured magnetic fields are used to estimate field errors and

perturbations of the undulator on the electron beam dynamics in the storage ring. Compensation schemes for the perturbation are

investigated.

r 2007 Elsevier B.V. All rights reserved.

PACS: 07.85.Qe

Keywords: Insertion device; Undulator; Soft X-rays
1. Introduction

The U60 is designed for an intense soft X-ray source for
the Siam Photon Source (SPS) [1]. It is a pure permanent
magnet planar undulator containing 41 magnetic periods,
with 60mm period length. The total length of the
undulator is 2523mm, which will occupy approximately
half the space in the straight section number three of the
SPS. It is designed to generate intense photons for soft X-
ray beamline. The magnetic structure was designed to give
the minimum photon energy of 28 eV at 1.0GeV beam
energy, or 40 eV at 1.2GeV beam energy. Utilization of up
to 900 eV photons from the seventh harmonic, at 1.2GeV
beam energy, is expected. Construction of the U60 has
been completed by Danfysik. The device is now being
characterized and prepared for installation at the Siam
Photon Laboratory. Magnetic field mapping using a Hall
probe has been carried out. Results of the measurements
and analyses are reported. Construction of a flip coil
system for field integral measurements is also in progress.
e front matter r 2007 Elsevier B.V. All rights reserved.
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2. Magnetic field mapping by Hall probe scans

A magnetic measurement bench has been constructed for
general purpose magnetic field measurements including
insertion devices. The bench is equipped with four-axis
stage, controlled by stepping motors. A Hall probe arm is
installed on the stage and has been used for magnetic field
mapping of the undulator. The vertical magnetic field has
been measured, at various undulator gaps and horizontal
positions, to characterize the undulator.
Photon energies, calculated from averaged measured

peak magnetic fields, as a function of the undulator gap is
shown in Fig. 1. Orbit displacements, calculated from the
measured magnetic field, along the undulator axis are
shown in Fig. 2. Polynomial fits of the orbit displacements
are also shown. The quadratic components in the fits
indicate that there is a dipole component mixed in the
undulator magnetic field. The origin of this dipole
component is not clear. However, it is expected to originate
from the undulator structure, since it appears to vary with
the undulator gap. This dipole component can be
compensated by a long coil. Fig. 2 also shows the measured
orbit displacement at the minimum gap of 26mm
compensated by a long coil, simulated using Radia [2].

www.elsevier.com/locate/nima
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The long coil is simulated from a one-turn rectangular coil,
with 2.8� 5.0mm2 cross-section wire and 160� 2520mm2

coil size, supplied with 33A current. The remaining angular
deflection and orbit displacement at the end of the device
can be compensated by steering magnets at both ends of
the undulator. These magnets will be used as part of the
global orbit correction of the SPS [3] after the undulator is
installed.
3. Phase errors

Phase errors calculated from the measured magnetic
fields are shown in Fig. 3. It is seen that the phase errors are
quite small. The 900 eV photons from the seventh
harmonic are obtained at the undulator gap of 60mm.
At this gap, the RMS phase error is 2.151. The expected
photon flux from the seventh harmonic with regards to that
from an ideal undulator is 93.35% [4].
4. Effects on the electron beam dynamics

The betatron tune shifts caused by the undulator are
calculated using accelerator toolbox (AT) [5]. The un-
dulator magnet model is constructed as a series of hard-
edge dipoles, using the measured peak magnetic field. The
calculation gives the vertical tune shift of 0.005 at 26mm
gap, while the horizontal tune shift is negligibly small.
Calculations by a linear perturbation method [6,7] are also
performed to verify the result. This analytical calculation
gives similar vertical tune shift of 0.006. It is seen that the
tune shift caused by the undulator is quite small. By
varying two pairs of quadrupoles adjacent the undulator,
the tune shift may be compensated. The calculations show
that only 0.5% maximum variation of quadrupole currents
is needed to compensate the tune shift.
Integrated multipole components arising from the

undulator magnetic field are investigated by calculating
the field integrals along the horizontal positions of the
undulator using the measured magnetic field. Polynomial
fits are then performed to obtain the integrated multipole
components. Integrated field integrals are shown in Fig. 4.
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The largest sextupole component is found to be 3.27 Tm�1

at the undulator gap of 60mm.
5. Conclusions

Magnetic field mapping of the U60 using Hall probe
scans have been carried out. The measurement results are
used to characterize the device to prepare for the
installation. The measurements show a dipole component
mixed in the undulator field. A long coil has been simulated
to correct the error. The undulator phase errors are found
from the analyzes to be small indicating usability of high
harmonic photons. Tune shifts and multipole component
resulting from perturbation of the undulator are also found
to be small.
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